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Abstract 

Specific global symbol classes and corresponding pseudodifferential operators of 
infinite order that act continuously on the space of tempered ultradistributions of 
Beurling and Roumieu type are constructed. For these classes, symbolic calculus is 
developed. 
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Introduction 

Pseudodifferential operators that act continuously on Gevrey classes were vastly studied 
during the years. A lot of local symbol classes that give rise to such operators (both of 
finite and infinite order) were constructed by many authors. Also, global symbol classes 
and corresponding operators (of finite and infinite order), as well as their symbolic calculus 
were developed in [1], [2], [3], [4], [5], [6] (see also [13]). The functional frame in which 
those were studied are the Gelfand - Shilov spaces of Roumieu type. The symbol classes 
developed there are well suited for studying polyhomogeneous operators. In this paper 
we develop a global calculus for some classes of pseudodifferential operators of infinite 
order. The functional frame in which the considered symbol classes and the correspond- 
ing pseudodifferential operators will be studied is going to be Komatsu ultradistributions, 
more precisely the spaces of tempered ultradistributions of Beurling and Roumieu type. 
Our symbol classes are similar to those in [3] and [4], but the weights that control the 
growth of the derivatives of the symbols are constructed in such way that they give well 
suited environment for studying Anti-Wick and Weyl operators on the space of tempered 
ultradistributions. In this paper, we develop calculus for our symbol classes, i.e. we proof 
results about change of quantization, composition of operators and asymptotic expansion 
of the symbol of the transposed operator. 
The paper is organized as follows: 

1. Preliminaries. Definition and basic facts are given concerning test spaces and 
corresponding spaces of ultradistributions. Some facts are cited from [16] which will be 
needed for the next sections. Also, a kernel theorem is proven for the space of tempered 
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ultr adistribut ions . 

2. Definition and basic properties of the symbol classes. The definition of 
the symbol classes is given as well as their basic topological properties. Pseudodifferential 
operators Op^(a), arising from r - quantization of the symbol a are studied. A theorem 
that gives the hypocontinuity of the mapping (a, u) ^-)■ Op^(a)M, for u in the test space, is 
proven. 

3. Symbolic calculus. The space of asymptotic expansion is defined. Results, con- 
cerning change of quantization, composition of operators and asymptotic expansion of the 
symbol of the transposed operator are proven. 

1 Preliminaries 



The sets of natural, integer, positive integer, real and complex numbers are denoted by N, 
Z, Z+, R, C. We use the symbols for x G W^: (x) = (l + |xp)i/2^ D'' = D^' . . . D^", D'^' = 
a = (ai, ^2, • • • , "d) e N*^. U z e C^, by z"^ we will denote zf + ... + zj. Note 
that, if X e M"*, = 

Following [9], we denote by Mp a sequence of positive numbers Mq = 1 so that: 



(M.l) M2 < Mp_iMp+i, p e Z+; 

(M.2) Mp < cqH^ min {Mp^gMj, p,qeN, for some Cq, H > 1; 

0<g<p 



p=q+l 



although in some assertions we could assume the weaker ones (M.2)' and (M.3)' (see [9]). 
For a multi-index a G N"', will mean M\a\, \a\ = ai + ... + a^. Recall, nip = Mp/Mp_i, 
p G and the associated function for the sequence Mp is defined by 

M{p) = suplog+ — , p > 0. 

It is non-negative, continuous, monotonically increasing function, which vanishes for suf- 
ficiently small p > and increases more rapidly then (In pY when p tends to infinity, for 
any p G N. 

Let U C M'^ be an open set and K (Z(Z U (we will use always this notation for a 
compact subset of an open set). Then E^^p^'^{K) is the space of all cp G C°°{U) which 

satisfy sup sup ^ ^ ^ ^"^^ qyi^h}^^ ^-^^ space of all <y9 G C°° (W^) with supports 

l-D"v^(x)| 

in which satisfy sup sup — — < oo; 

£(^«(t/)= hm hm^^^^''>''^(i^), £^^«(t/)= hm \im S^^'^^^^iK), 

KCCUh^O KCCU h^oo 

V^^'-\U)= Inn \imV\^''^'\ V^^'-\U) = Inn Inn 

KCCUh-^O KCCUh-^oo 
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The spaces of ultradistributions and ultradistributions with compact support of Beurl- 
ing and Roumieu type are defined as the strong duals of V^'^^\U) and E^^^'^^U), resp. 
p{A/p}(^f/) and S^'^'^p^U). For the properties of these spaces, we refer to [9], [10] and [11]. 
In the future we will not emphasize the set U when U = M.'^. Also, the common notation 
for the symbols (Mp) and {Mp} will be *. 

For / G L^, its Fourier transform is defined by = J]^d e~^^^ f{x)dx, ^ G M*^. 

By 91 is denoted a set of positive sequences which monotonically increases to infinity. 
For (rp) G SH, consider the sequence Nq = 1, Np = MpYYj^irj, p G Z+. One easily sees 
that this sequence satisfies (M.l) and (M.3)' and its associated function will be denoted 

by Nr(p), i.e. Nr(p) = suplog+ , p > 0. Note, for given (rp) and every k> 

there is po > such that N^pip) < M{kp), for p > pq. In [16] the following lemmas are 
proven (for the definition of subordinate function see [9]). 

Lemma 1.1. let g : [0, oo) — y [0, oo) be an increasing function that satisfies the following 
estimate: for every L > there exists C > such that g{p) < M{Lp) + InC. Then there 
exists subordinate function e{p) such that g{p) < M(e(p))+lnC", for some constant C > 1. 

Lemma 1.2. Let [kp) G d\. There exists {k'^) G d\ such that k'^ < kp and 

p+Q p q 

H k'^ < 2^+" Wk'rW k-, for all p, g G Z+. 

j=i j=i j=i 

Hence, for every (kp) G Dl, we can find (kp) G Dl, as lemma 1.2, such that Nkp{p) < Nk'^^p), 
p > and the sequence A^'q = 1, A'p = Mp 11^=1 k'j, p ^ '^+, satisfies (M.2) if Mp does. 

From now on, we always assume that Mp satisfies (M.l), (M.2) and (M.3). It is 
said that -P(0 = SaeN<^ ^ ^ '^'^^ ultrapolynomial of the class (Mp), resp. 

{Mp}, whenever the coefficients Ca satisfy the estimate \ca\ < CL^^^/Ma, a E for 
some L > and C > 0, resp. for every L > and some Cl > 0. The corresponding 
operator P{D) = '^a-^° ultradifferential operator of the class (Mp), resp. {Mp} 
and they act continuously on S^'^^^\U) and p(*^p)(f/), resp. S^^'^^^U) and V^^^^^U) and 
the corresponding spaces of ultradistributions. In [16] a special class of ultrapolynomials 
of class * were constructed. We summarize the results obtained there in the following 
proposition. 

Proposition 1.1. Let c > and k > 0, resp. c > and (kp) G £H are arbitrary but 
fixed. Then there exist I > and q G Z+, resp. there exist (/p) G £H and q G such that 

Pi{^) = W \A ^ 'j2 — 2 j ' resp. Pip{z) = Y\ ( ^ + J2 — 2 j ' ^'^ entire function that doesn't 

j=q ^ j=q ^ j 

have zeroes on the strip W = 'R'^ + i{y G M'^Hyjl < c, j = 1, d}. Pi{x), resp. Pi^^x), is an 
ultrapolynomial of class *. Moreover \Pi{z)\ > Ce^^^^^^^^\ resp. \Pip{z)\ > C'e^'^p'-'^'-*, z G 



W , for some C > and 



9" ^ 



Pix) 



<C.^e-^(l"l/^), resp. 



dZ ^ 



PiM 



— j.\a\ 



4 



G N'^, where C depends on k and I, resp. (kp) and (Ip), and Mp; r < c arbitrary 

but fixed. 



We denote by S^ "'"" (K'^), m > 0, the space of all smooth functions (f which satisfy 

1/2 




dx \ < oo, 



supplied with the topology induced by the norm (1^,2 • The spaces S'^^^^ and S'^^^'^^ of 
tempered ultradistributions of Beurling and Roumieu type respectively, are defined as the 
strong duals of the spaces S'-^''"^ = hm ^f'"" (M^) and S^^^''^ = lim ^f*""" (M^), respec- 

tively. In [7] (see also [14]) it is proved that the sequence of norms am,2, m > 0, is equivalent 

ml"l||D°o9(-)e^'^(™l'l)||L 

with the sequences of norms || ■ \\m, m > 0, where \\^\\m '■= sup —. If 

a£fqd Ma 

we denote by S^"'"" {R'^) the space of all infinitely differentiable functions on M.'^ for which 
the norm || ■ ||^ is finite (obviously it is a Banach space), then S'^^^^'^ {R'^) = hm S^"'"" (M'^) 

and S^^^"^ (R"') = Imi S^"'"" {R'^). Also, for ms > mi, the inclusion S^""""'' (R"') — ^ 

^oo^'™^ (R'^) is a compact mapping. So, S* (R'^) is a (FS) - space in (Mp) case, resp. a 
(DFS) - space in the {Mp} case. Moreover, they are nuclear spaces. In [7] (see also [15]) it 
is proved that ^^^^'^^ = lim S^^^-^^^^^^, where S^^^^^^^^ = W ^ {^') IMirMs.) < oo} 

||DXx)e^=p(l^l)|| 

and ||v^||(r ) (s ) = sup j— j —. Also, the Fourier transform is a topological 

automorphism of S* and of S'*. 

We need the following kernel theorem for S'*. The (Mp) case was already considered in 
[12] (the authors used the characterization of Fourier-Hermite coefficients of the elements 
of the space in the proof of the kernel theorem) . 

Proposition 1.2. The following isomorphisms of locally convex spaces hold 

S* [R'^') ®5* (R"^^) = S* (R'^i+'^2) ^ Cb [S'* [R'^') ,S* {R'^^)) , 
S'* (R'^i) (g)S'* {R"^'') ^ S'* {R'^'^'^'') = Cb {S* {R"^') ,S'* (R"'^)) . 

Proof Note that S* (R'^i) O S* {R'^^) is dense in S* {R'^^+'^^). This is true because of 
the continuous and dense inclusion V* {R'^^+'^^) — > S* (R'^^+'^^j ^nd because V* {R'^') (g) 
V* [R'^^) is dense in V* [R'^^+'^^) (see theorem 2.1 of [10]). We need to prove that S* {R'^'+'^^) 
induces on S* (R"'^) (g) S* (R'^^^ i\^q topology vr = e (the vr and the e topologies are the 
same because S* is nuclear). Because the bilinear mapping {(p,ip) ^ ip <S) ip, S* (R"'^) x 
S* (R'^i+'^2^ — y 5* ^^di+d2^ jg separately continuous it follows that it is continuous. This 
is true in the (Mp) case because S^^'^p^ is (F5')-space (hence a F - space) and it is true in the 
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{Mp} case because S^'^^p^ is (DFS) - space (hence a barreled (DF) - space). The continuity 
of this bihnear mapping proves that the inclusion S* (M^i) ®^ S* [R'^^) — y S* {R'^^+'^^) 
is continuous, hence the topology vr is stronger than the induced one. Let A' and B' be 
equicontinuous subsets of S* (M^^) and S* (R"'^), respectively. There exist h > and 
C > such that sup \ {T,(p)\ < C\\ip\\h and sup \{F,ip)\ < CWipWh in the (Mp) case, 

resp. there exist {kp),{k') G 9^ and C > such that sup \{T,(p)\ < C\\(p\\(^kp),{k') 

TeA' ' ^ 

sup \{F,ip)\ < C\\ip\\(kp),{k') in the {Mp} case. We consider first the {Mp} case. By lemma 
FeB' ' ^ 

1.2, without losing generality we can assume that YYj=i ^ 2*'+'? Y[^=i 11^=1 P ^ ^+ 
and the same for [k]). Put Vj = kj/{2H) and r'^ = k'j/{2H), j G Z+. For all T e A' and 
F G -B', we have 

|(T,,Z}fx(a;,y))|e'^^-^^'''^ 

KT.®F„x(x,y))| = \{Fy,{T^,x{x,y)))\<Csnp ^^ ' rr 

n;=o 



< C sup 



where, in the third inequality we used proposition 3.6 of [9] for Nk'^{X). Similarly, in the 
(Mp) case one obtains sup \{T^ ® Fy,x{x,y))\ < clC'^\\x\\hH- Hence, the e topol- 

ogy on S* (M'^i) (g) 5* (R'^^) is weaker than the induced one from S* (R^'i+'^^j. This gives 
the isomorphism S* (M'^i) ®5* (M'^^^ = 5* (M'^i+'^2). Proposition 50.5 of [20] yields the 
isomorphisms S* (M^i) ®S* {R'^^) ^ Cb {S'* (M'^i) ,5* (M'^^^) and 5'* {R'^') (g)S'* {R"^^) ^ 
A [S* (M'^i) ,5'* (5* is a Montel space). Now, because S^^^^'^ is (F) - space, theo- 

rem 9.9 of [17] gives the isomorphism S'^^'^p^ {R'^^) ^S'^^^"^ {R'^^) = (M'^i+'^2). In the 

{Mp} case, S^^^^^ is (DFS) - space, i.e. the strong dual of the (FS) - space S'^^^p\ hence 
this theorem implies the same isomorphism in the {Mp} case. □ 



2 Definition and basic properties of the symbol classes 

Let a G S'* (M^*^). For r G M, consider the ultradistribution 

K^{x,y) = J-f4._,(a)((l - t)x + ry,0 G S'* [R^') . (1) 
Let Op^(a) be the operator from S* to S'* corresponding to the kernel KT-{x,y), i.e. 

{Op^{a)u,v) = {Kr,v^u), u,v eS* (M^) . (2) 
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a will be called the r-symbol of the pseudo-differential operator Op^(a). When r = 0, we 
will denote Opo(a) by a{x,D). When a e S* (M^^), 

Op,(a)w(x) = / e*(^-^)«a((l - r)x + ry, (3) 

where the integral is absolutely convergent. 

Proposition 2.1. The correspondence a H- Kr is an isomorphism of S* (M^*^), ofS'* {^^'^) 
and of (M^'^) . The inverse map is given by 

a(x, = J^y^iKr{x + Ty,x-{1- T)y). 

Proof. The partial Fourier transform and the composition with the change of variable 
E{x, y) = ((1 — t)x + Ty,x — y) are isomorphisms of S* (M^'^) , of S'* (M^'^) and of (M^'') . 
The last part is just an easy computation. □ 

Operators with symbols in S* correspond to kernels in S* and by proposition 1.2, those 
extend to continuous operators from S'* to S* . We will call these *-regularizing operators. 

Now we will define the announced global symbol classes. Let Ap and Bp be sequences 
that satisfy (M.l), (M.3)' and Aq = I and Bq = 1. Moreover, let Ap C Mp and Bp C Mp 
i.e. there exist cq > and L > such that Ap < c^VMp and Bp < coL^Mp, for all p G N 
(it is obvious that without losing generality we can assume that this Cq is the same with cq 
from the conditions (M.2) and (M.3) for Mp). For < p < 1, define F^"'^^^ (M^^; h,m) 
as the space of all aeC°° (M^"^) for which the following norm is finite 



sup sup 



|D?Dfa(x,0| ((x,0)''l"l+''l^le-*'^HCI)e-A/H^I) 



(.,oeR2^ hl'^l+mA^Bp 
It is easily verified that it is a Banach space. Define 

h—^O m— >oo 
m— >0 h—^oo 

Remark 2.1. F^''*'^'"^ (M^''; m) anc? F^*^*^'^ (M^'^; /;,) are (F) - spaces. Obviously, the in- 
clusion mappings H^ri" (^'''; ^ ^'^^''^ (^''') ^A^^kZ (^'''^ ^) ^ (^''') 
are continuous, hence ^^Ap^B^ i^'^'^) ^'^^ ^^^^^^^^ (M^'^) are Hausdorff l.c.s. Moreover, as 
inductive limits of barreled and bornological l.c.s., they are barreled and bornological. 

Remark 2.2. By proposition 7 of [8] it follows that every element o/ F^°°g ^ (R^*^) is a 
multiplier for S'* (R^*^) . 

Remark 2.3. Examples of nontrivial elements ofV*^^^^ (M^*^) are given by every ultra- 
polynomial of class *. 
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Proposition 2.2. For every a G p {^'^^ there exists a sequence Xjj j ^ 

V* (M^rf) such that Xj — >a m T*x'^B^'^p (M^^) . 

Proof. Let ip{x) E V^^^^i {W^) and ^(0 e P^^f^ (M'^), in the (Mp) case, resp. ip{x) G 
X){Bp} and e "D^^f^ (M"') in tlie {Mp} case, are sucli tliat 0<ip,tp<l, ip{x) = 1 
when |x| < 1/4, ^/'(.C) = 1 when |^| < 1/4 and (p{x) = when |x| > 1/2, V'lO = when 
\^\ > 1/2 (such functions exist because Ap and 5^ satisfy (M.3)'). Put xi^^O = 
Xn(2;,0 = Xix/n,^/n) for n e Z+. Then x, Xn e r'^^^''^ (M^^), resp. x.Xn e P^*'^"^ (M^"^) . 
For a e r^^^^^p (M^''), it is readily seen that a„(x, ^) = Xn{x,^)a{x,^) is an element of 
V* (M^'^) . It is easy to prove that there exists m > such that for every /i > 0, a„ — > a 
in r^^*"^ ^ (M^'^; h, rnj in the (Mp) case, resp. there exists h > such that for every m > 0, 
ttn — > a in r^^'^^^ (M^'^; /i, m) in the {Mp} case. □ 



Theorem 2.1. Lei a G T^^^^^^ (M^'^) . T/ien i/ie mtegra/ (3) is well defined as an iterated 
integral. The ultradistribution Op^{a)u, u E S* , coincides with the function defined by that 
iterated integral. 

Proof. The (Mp) case. Because a G T^'^^^'"^ (R^*^), there exists m > such that, for every 
h > there exists Ci > such that 

Hence, 6(x,0 = / e'^'^-y^^ a{{l - t)x + Ty,^)u{y)dy is well defined and b e (M^'^). 

Choose mo > large enough such that, for all m' > mo, / e^^^^'^'^^'^e-^'^^'^'l^l^d?/ < cx). 

m'l"l ||L)'^M(?/)e^^(™'l2'l)|L 
Because n G p', for such m' we get sup — — < oo. One obtains 



\Cb{x,0\ 



e^(-y)^D^ (a((l - t)x + ry, Ou{y)) dy 



< Ef") / \r\^''^\DMi^-r)x + Ty,0\\D"-My)\dy 

(^,\ r T\/r c-M(m'\y\) 

/ (|r|/iL)l^lM,e^Hg|)eM(2H(i-r)x|)gM(2„^|.,|) ^^^a-^e 
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where we used Bp C Mp. For / > consider Pi{^). By proposition 1.1, we can choose 
/ such that |P,(OI > c"e^^("l«l) where r > is such that [ e^^^'^l^l^e-^'^^'l^l^rf^ < oo and 
Pi{^) is never zero. Also, if we represent -P«(0 = ^^Cq,^", there exists L' > and C > 

a 

such that \ca\ < CL'^^^/Ma- Choose /i > so small and m' > niQ so large such that 

T\hL H I L' < -. Then, we have 

m' J 4 

Hence / \h{x^^)\d^ is finite for every x, i.e. (3) is well defined as iterated integral. From 

this estimate also follows that h{x,^)v{x) E (M^'^), for any v E S^^-^^^ 

Let us consider the {Mp} case. Because a E ^a^^^'b^ (M^"^), there exists h > such 
that, for every m > there exists Ci > such that 

Hence, 0=1 e^(^^^)^a((l - t)x + ry, i)u{y)dy is well defined and 6 e C°° (M^'^) . Put 

|D^"Dfa(x,0|((x,0)'''"'+'''^' 
(7(A) = sup supln+ u\a\+mA R • 

g is an increasing function and by proposition 3.6 of [9], it satisfies the condition of lemma 
1.1. Hence, there exists subordinate function e(A) and a constant C" > 1 such that g{\) < 
M{e{\))+\nC'. We get that 

hW\+\P\A R«pA'A^{l(^.C)l)) 
\DtD^a{x^O\ < C ^^^;^^^^,.|^,,| , V«,/3 G n\ V(x,0 E M^^. 

By lemma 3.12 of [9], there exist another sequence iVp, which satisfies (M.l), such that 
> M(e(A)) and k'p = fip/mp — > oo when p — > oo. There exist {kp) E £H such that 
kp < k'p, for p e Z+. Then 

g^^'(^) _ ^! > ^! _ giV(A) > M(e(A)) 

From this, we obtain the estimate 

|Z^,"Dfa(x,0| < C'- ^§Md, , Va,/3 G V(x,0 G M^, (4) 
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where we choose (kp) G such that e^''p^^^^'^^^^ < c'e^'^p^'^'^e^'^p'-'^'^ for some c' > 0. Because 

u G , there exists hi > such that for every (sp) G 9^, sup — < 

oo. Choose (sp) G 9^, such that / e^'^f/^^l^^l^e-^^f ^l^l^dy < oo. Then, we have 



< 

7<a 



V^/ -^K^ 



7<a 



= Ce^^.(l?l)e^^./^(l(i--)-l)M„ (^\r\hL + , 

where we used Bp C Mp. For (/p) G 9^ consider Pip{^)- By proposition 1.1 we can choose 
(/p) G ^ such that |P«p(OI > c"e^'-p(l«l) where (rp) G 9^ is such that [ e^'=p(l«l)e~^'-p(l«l)rf^ < 
OO and Pip{^) is never zero. Also, if we represent Pip{^) = Cq,^°, then for any L' > there 

a 

exists C" > such that \cJ < C'L'\''\/Ma. Choose L' > such that, ( Irl/iL + ) L' < -. 

V hij 4 

By the above estimate, we have 

Hence / is finite for every x, i.e. (3) is well defined as iterated integral. From 

this estimate also follows that b{x,^)v(x) G (M^'^), for any v G S^^^''^ 

Hence, in both cases we get that / \b(x,^)\d^ is finite for every x, i.e. (3) is well 
defined as iterated integral, and b{x,^)v{x) G (M?'^^, for any v G S*. We will temporary 
denote F{x) = - — -r / b{x,C,)dC,. From the above estimates it is obvious that F G S'*. 
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By Fubini's theorem, we have 

(F, v) = / / / e'(^"^')«a((l - t)x + ry, i)u{y)v{x)dydxdi. 



By the growth condition of a, it is obvious that the integral 

A^-y)ia{{l - t)x + Ty,i)u{y)v{x)dyd^ 



X 



converges, so if we put the change of variable = ((1 — t)x + ry^x — y) in the last 

term of the above equality we obtain t>) = (a,F2^ {{v ® u) o'^^^)) = {0'p^{a)u,v), 
which completes the proof of the theorem. □ 

We will define more general classes of operators and symbols. 

Definition 2.1. Denote by TiAp'Bp,p (^^'^J Banach space of all a G (M^'^) with 

the norm 



We will denote this norm by || ■ ||/t,m,n- Define 



D^D^D^ya{x, y, 0| {{x, y, ^))PM+PW+Ph\e-^Hm\i\)^-Mim\x\)^-Mim\y\) 



niS: (M^^; h) = lim u'JX, {^''-^ h,m) , i^'') = ■ 

m— >0 h—^oo 

^^ZiZ l^^'^' ^) nii^'^;^ (M^-^; /i) are (F) - spaces. Similarly as for T*x'^b„p (^^'^). one 
proves that H^^g^ ^ (M^*^) are barreled and bornological l.c.s. 
One easily sees that, for a e ^*A^Bp,p i^^'^)^ the function 

= a{x,x,^) belongs to 

rX^B^p (^"')- Moreover, if p e r^^s^"^ and r G M, then a(x,i/,0 = p((l - t)x + 

Ty,0 belongs to nX',B„p {^'')- 

Remark 2.4. The T and U classes defined here are appropriate generalization (for symbols 
of infinite order) in ultradistributional setting of the corresponding classes in the setting of 
Schwartz distributions (see [18] for the theory od distributions and [19] for the corresponding 
r and n symbol classes and calculus in the setting of Schwartz distributions). 

Lemma 2.1. Let h > be fixed. For every bounded set B in H^^'^^'^ (R'^'^; /i), there exist 
C > and [kp) G 9^ such that, for all a G B, 

\D^D^D^ya{x, y, 1 {{x, y, ^))/'l"l+pl/3|+pl7le-^^p(l«l)e-^^p(l^l)e-^*p(l^l) 
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Proof. Because B is bounded, for every m > there exists a constant Cm > (which 
depends on m) such that, for every a E B, ||a||h,m,n < C*m, i-e. 



<- (J ^M{m\i\)^M(m\x\)^M(m\y\) 



/3+7 



for all {x,y,^) G M^*^ and all a,/3,7 G N''. Without losing generality, we can take Cm > 1- 
Put 



9a{x,y,0 = sup ln+ 



I D-DPWa{x, y, 1 {{x, y, Oy^-\+P\^^+P\^'\ ' 



Then, by proposition 3.6 of [9], we have 

ga{x,y,0 < M{m\^\) + M{m\x\) + M{m\y\)+\nCm<SM{m\{x,y,0\) + ^T^C„ 
< M{mH\x,y,0\) + HclCm) 



Now, define ga{^) = sup ga{x,y,^). Then ga{X) < M{mH^\) + \n{clCm), for A > 

\{x,y,0\<^ 

and a E B. Then, if we put ^(A) = sup^a(A), we have ^(A) < M{mH'^X) + In(cQCm), for 

aS-B 

A > 0. ^a(A) is an increasing function of A for every a E B, hence ^(A) is an increasing 
function of A. So ^ satisfies the conditions in lemma 1.1. Hence, there exist subordinate 
function e(A) and a constant C > 1 such that ^(A) < M(e(A)) + InC". We get that 



ln+ M iM^iL / ^ n I. r. < H\ix,y,0\) < M(e(|(a;,y,OI))+lnC", 



for all (x, y, G K^'^, «, 7 G N'^ and ae B, i.e. 

DT;a(x, y, 1 ((x, y, ^))pH+pm+ph\ 



for all {x,y,^) G M'^'^, a,/3,7 G and a E B. By lemma 3.12 of [9], there exists another 
sequence A'p, which satisfies (M.l), such that A^(A) > M(e(A)) and k'^ = np/rrip — y oo 
when p — )■ oo. There exists {k^) G 9^ such that /c^ < k^, for ]? G Z4.. Then 

^ -^^^0 ff(X) . M(e(X)) 

From this, we obtain the estimate 

\ ^ X y \ yyy^Ji \\ ^y^^j/ , rjpNkpil^DpNk {\x\) Nk (\y\) 

h\-\+m+\i\{x-y)p\'^\+pW+p\^\A^B^+^ - 



for all {x,y,^) G M , a,/3,7 G N and a E B, where we choose (kp) E 9^ such that 

^N,.i\ix,ym ^ ^>^N,^m)^N,^i\x\)^N,^i\y\) ^^^^ cOUStaut c' > 0. □ 
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Lemma 2.2. Let a e ^X^Bp,p (^^'^) ■ For 6 > and m, x e 5* (M'^), swc/i i/iai x(0) = 1, 
define 



(27r) 



r/ien /ifls a limit when 6 — > 0^ and the limit doesn't depend on x- Moreover, the 

limit function is continuous and has ultrapolynomial growth of class *. 



Proof. The (Mp) case. Let a G 11 



(Afp),cx. 



m 



) . For / > consider Pi{^). By proposition 



1.1, -P/(0 is never zero and we can choose Pi{^) such that, |-P«(OI ^ Cie*^''^'^'^ where r > 



is such that 



^Mim\^\)-Mir 



e ^■^'•^'^'■'(i^ < oo. Also, we have the estimate 



for some c[ > and di > 0. On the other hand if we represent Pi{C,) = Xlo ^a^"' then there 
exist Lq > and Co > such that |ca| < CqL^q^ /Ma- Observe that 



Pi{y 



Then we have 



{2n] 



d 



Pl{Dy 



Pi{y - X 



-Pi{D^) {a{x,y,Oxmu{y)) dyd^ (5) 



Because u,x ^ S^^'^''^ (W'-) , for every s > 
gH ||e*^(''l«l)£)°x(0 Ik- 



sup 



< oo, sup 



.hi \\e^My\W''u{y)\ 
Ml 



< oo. 



Now, we estimate as follows 

—^-—Pi{D^) {a{x,y,OxmHy)) 

Pi[y - 



PiiDy) 



a, 7 



C(y I I C'y 



— \ct / \7 / \7 

a'<Q7"<7' ^ / V ' / V ' 



E E C 

■y'<a 
7'<7 

L>fDj"a(x,|/,0 



n7'-7" 



< 



c'Y, 



j2 ^ /«^/7^/y^(y-7")! 



a,7 



a'<o 7"<7' 
7'<7 



77 vrv rf^ 



"/ J7'hl7"l 



/,l"'l+l7-| (-r _ ^)Pl«'l+Piy'lyi^,^^„e^("^l^l)e^('"l"l)e^("^l^l) ^|,|_|,,| M^_^,M^ 



-M{s5\i\) 



((^,^,^))p|a'|+p|7"l 



l«|-|«'l + l7|-|7'lpA^('^|y|) 
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" ^"^^ ^"'^ ^^'^ ^^"^ 4-^'l-l-"l(4Lo)IVIH7"l 

7'<7 

(2L/i)l"'l+IVIe^("^|g|)e^("^l"l)e^-'Hy|) M^M^ 

(2L/l)|->'|-|V'lMy_y, ^lal-la'l + lTl-IYIeA^C^Ii/l) 
gMH5|)gMHx|)gM(m|y|) 



7'<7 

^MHe|)^MHx|)^M{m| 



M(5|y|) 

a,7 



Choose /i such that LL^h < 1/8 and then choose s such that the above sum converge for 
5 = 1 and denote its value by C2 (then, obviously, for < 5 < 1 the sum is not greater 

than C2). Moreover, choose s large enough, such that / e*^('^l2^l)e"^'^'^'^l^l)(i?/ < 00. Hence 

Jm.d 

C1C2 f 1 eAfH5|)gMHx|)gM(m|y|) 

l^x.(-)l < (So^X.^ 

/■ pM(m|?|) /. M{m.\y\) 

which is finite for every x. Note that a{x,y,^)x{S^)u{y) — > a{x,y,^)u{y) in (-'^y^c) 
for each fixed x when 5 — > 0+, so -^^Pi(L'y) (^;^^^-— ^^/(^?) 
1 . / 1 



tends to ^Pi{Dy) \^ ^^^^ _ ^^ Pi{D^)a{x,y, O^iv) j m S^^'^^ (M^J) for each fixed x, 

when 5 — )■ O'^. If we take the limit in (5) as 6 — > 0^, from dominated convergence, 
it follows that 

Moreover, by similar estimates as above, one proves that the function in the last integral 

M(m|^|) ^M{m\y\) 

can be dominated by Ce '•'"'^'■'^rmTF; umr- Thus, lim Jv a (x) is a continuous function 

gM(r|e|) QM{s\y\) ' 5^0+ y 

with (Mp) - ultrapolynomial growth. Note that the choice of Pi does not depend on x and 
u, only on m such that a G nj^^;"^^ (M^'^; m). Hence, one can choose the same Pi for all 
a G ^a^^b'^p (M^*^; m) . From this, the claim in the lemma follows. 

The {Mp} case. Let a G hJ,^'^^'^ (M^^; h). By lemma 2.1 there exists (kp) G such 
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that 

|D,DfD>(x,|/,0|<Co ((^,^,^))pH+pI/3|+pH ' 

for all a,/3,7 G N*^ and G M^*^. For (/p) G consider Pip{^). By proposition 

1.1, we can choose Pip{^) such that, |-Pip(0| ^ c"e^'''''''^''', where (vp) G 9^ is such that 
/ g^fep(ICI)g-^rp{|?|)^^ ^ other hand, if we represent Pi (^) = V^c^^", then 

for every L' > there exists C" > such that \ca\ < C'L'^"^/Ma- Also, we have the same 

1 , a\ 

estimates, as in the (Mp) case, for the derivatives of l/P/p(^), i.e D"^ < c'l—r-r, for 

di 



some c'l > and di > 0. Because u,x ^ ^{^^p} (^M'^) ^ there exists s > 0, such that 
sup — < oo, sup — < oo. 

a£fqd Ma a£N'^ ^"^a 

(We can choose s to be the same for u and x)- Similarly as for the {Mp) case, one obtains 
(5), but with Pi in place of Pi and obtains the estimate 

<Ci^ --m^ y ( — + 2LL'h] (- + 2L'Lh+-] . 



o,7 



Choose L', small enough, such that the above sum converges for 5 = 1 and denote its value 
by 6*2 . Similarly as above, we obtain the estimate 



The first integral converges by the choice of (r^) and the convergence of the second can be 
easily proven. By similar arguments as in the (Mp) case and dominated convergence, the 
claim of the lemma follows. Note that the choice of Pi does not depend on u and only 
on a. □ 



By the lemma, lim Ix,5{x) is an element of S'* (M''). For every a G 11^^^^^ 
define the operator A : S* (M"') — > S'* (M"'), Au{x) = lim Ix,5{x). By the proof of the 

(5—^0+ 

above lemma we obtain that 
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for the (Mp) case, respectively 

for the {Mp} case and moreover, the choice of Pi in the (Mp) case, respectively Pi^ in the 
{Mp} case does not depend on m G 5*. If P//, resp. P^j^, is another operator such that 

\Pi'{0\ > cie^^(^l«l), resp. \Pi'^{0\ > c"e^^p(l«l), where / e^^(™l«l)e-*-^("l«l)c/e < oo, resp. 

/ e^''p^^^^^ e~^''p^^^^^ < oo, then Au{x) can be given in the above form with P;/ in place 
of Pz, resp. Pi'^ in place of P/^. To prove the continuity of A, put 

= e^^^-y^^j^^PiiDy) (^-J--^P,(D^)a{x,y,Ou{y)^ 

in the (Mp) case, resp., the same but with Pi^ in place of Pi, in the {Mp} case. For v E S*, 

{Au{x),v{x)) = I K{x,y,i)v{x)dydidx. 

Let w G iS* be fixed. If m G P, where P is a bounded set in S* , similarly as in the proof 
of the above lemma, one can prove that {Au{x),v{x)) is bounded when u E B. Hence the 
set A{B) is simply bounded in S'*, consequently it is strongly bounded. Because S* is 
bornological and A maps bounded sets into bounded sets it must be continuous. 



Theorem 2.2. The mapping {a,u) ^ Au, H^^^^^^^ (M^'^) x 5* (M'^) — > S* {R"^) , is 
hypocontinuous. 

Proof. Because 11^°°^ ^ (M^'') and S* (M"^) are barreled it is enough to prove that the 

mapping is separately continuous. We will consider first the (Mp) case. It is enough to 

prove that, for every m > 0, the mapping H^j^'^p (M^'^; m) x S^^^^^ {W^) — > S^^'^^ {W^) 

is separately continuous. We will prove that it is continuous i.e. that for every s > 0, 

there exists a constant C > and /i > 0, t > such that < C*||a||ft,m,n||M||t, where 

||P°0(-)e*^(*l'l)|| 
110 lis = sup — — are the seminorms in 

^(Mp) ^^dy Obviously, 

without losing generality, we can assume that s > 1. Choose Pi{C) as in the proof of the 
above lemma and represent Au in the form 

In the proof of the above lemma we proved that Pi can be chosen the same for all a G 
^%iZ (^^'^' ^) depends only on m). By proposition 1.1 Pi{C} is never zero and we can 
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choose / small enough such that 
where r > is such that 



1 



m) 

gA/{m|C|)gA/{2s|C|) 



< c'l^e-^^^'^l^l), for some c[ > and di > 0, 



=A'/(r|e|) 



converges and e^^^l^D > c'e^'^^^I^De^^^™!^!). 
On the other hand, if we represent Pi{^) = ^^Cq^", there exist Lq > 1 and Co > such 

a 

that \ca\< CqL^o^/M^. Then, for a E T^a'^bZ i^^'^'^^) and u E S'^^^^\ we have 



Pi{y - X 



-Pi{D^)a{x,y,i)u{y) 



< 



P'<P a,"/ 7'<7 7"<7' /3"</3' 



, \P'J W'J V77 V7' 



~\m)\ 



// I I ^oi I I C7 



Pliy - x] 



< cMh,m,uM\t 2^ 2^ 2^ 2^ Z^ U/ 



^ ^ ^ \(3' \(3" \i W M^M^ e^'^W?!) 

/3'</3 0,7 7'<7 7"<7' /3"<^' \^/\^/\'/\'/ ° 1 



(/?' - P" + y - y')!e-^'^(H-2/l) M^.ye- 



M(t|y|) 



^|/3'|-|/3"| + |7'|-|7"l tl7|-|7'l 

hW\+\l3"\+W'\ (a; _ ^/)p|"l+p|/3"|+p|7"lyi^5^„^^„eA'/HCI)eMHx|)gMHy|) 



^'</3 0,7 7'<7 7"<7' /3"</; 

(/3'-/3" + y-7")!e-*'^(''l^-J'l) 



^'</3 0,7 7'<7 7"<7'/3"</3' ^'^ ^ / \// \ / / 



-l/3'l 



=A'/(r|?|) 



-M(t\y\) 



d\ 



l/3'|-|/3"| + |7'hl7"l 



tl7|-|7'lMy_y/ 



< C'2||a|L,m,n|k||t 



jA/(r|C|)gM(t|y|)gAf(r|x-j/|) 



/3'</3 a,7 7'<7 7"<7'/3"</3 



A/37 vy; V7V ° ^z?-/?' {2sr\-m 



^I^'|-|/3"l + l7'|-|7"l tl7|-|7'lM^,_;3»My_y, 
M^^M{m\i\)^M{2s\£_\)^M{m\x\)^M{m\y\) 



< C3\\a\\h,m,n\W\\t ^Mir\^\)^M(t\y\)^M{r\x-y\) 

■eeeeex;)G:)(;)(;:)™'"'4^' 



^'</3 Q,7 7'<7 7"<7' /3"</3 
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_ /3" + y _ i')\{AsHL^)\P'\-\P"\+\'^'\-\^"\ {2hL)\P'™'\H\^W\ 



< C4,\\a\\hm,n\\u\\t 



^^gM(m|?|)gM(2s|C|)gMHx|)gMHy|) 



,M(r|C|)pM(t|y|)pM(r|x-y|) 



■e5:ee5:G',)(;)(;)(;:)™'"'4^' 

/3'</3 a,7 7'<7 7"<7'/3"</3' ^ ^ ^ ^ ^ ^ ^ ^ 

(2/iL)l'^"l+l^"lifl^'l+l^'l 
'(4s//Lo)l^'l-l^"l+l^'l-l^"ltl^l-l^'l(2s)l^l-l/5'l 

C^4|| 



eM(r|C|)gA/(t|y|)gAf(r|x-j/|) 

Note that e^^^^l^D < Cge^^^^'l^-^^^e^^^^'l?'!). For the chosen r we choose t such that the 

^Mim\y\)^M[r\y\) 

integral / ., ciu converges and moreover, we take h small enough and t large 

enough such that the above sum converges. Moreover, choose h small enough such that 

h 2hLH H < -. Then for the derivatives of Au we obtain 

2s 4:sLq s 

< C||a|U,^,n||u||te"*^(^l^l)^, 

which is the desired estimate. 

Now we will consider the {Mp} case. Note that it is enough to prove that, for every 

h > 0, T^A^^BpZ (^^'^; ^ ^^^^"^ (^'^) — ^ ^^^^"^ i^'^) is separately continuous. Because 
^A^^Bp°p (l^'^'^i ^) s-iid S^'^^p^ (W^^ are bornological it is enough to prove that this mapping 
maps products of bounded sets into bounded sets in S^'^'^p^ (M'^) . Let Bi and B2 be bounded 

sets in H^^^'^^'^ (M^''; h) , respectively in S^^^^^ (R'^) . Then, by lemma 2.1, there exist Ci > 
and (kp) G such that 

\D^D^D^ya{x, y, 1 {{x, y, ^))H°l+pl/3|+pl7le-^'=p(l€l)e-^^p(l^l)e-^'=p(l^l) 

for all a e 5i, (x, y, e K^'^ and a, /3, 7 G N'^. We know that S^^'"^ (R"^) = hm 5^^*"" (M'^) , 

where S^^'" (M^) is the {B) - space with the norm \\(f)\\s = sup — — and 

^{Ai,} ^j^d^ (DPS) - space generated by this inductive limit (the linking mappings are 
compact inclusions). So, there exists t > such that B2 C S^'"* (W'-) and it is bounded 
there. Hence, there exists C2 > such that \\u\\t < C2, for all u G i?2- On the other 
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hand, we know that S^^^"^ (M*^) = hm S^^"^ ^ (M'^) , where 5(7^ ^ (R"^) is the (B) 



space with the norm = sup 



. So, it is enough to prove that. 



for arbitrary (sp), (s^) G 9^, ||y4u||(sp)^(sg is bounded for all a E Bi and n G -82- So, let 
(sp), (Sp) G £H be fixed. Represent in the form 



Au(x) 



(2vr) 



■PipiP>i)O'{x,y,0u{y) dydC 



In the proof of lemma 2.2 we proved that the choice of Pi^ depends only on (kp) such that 
(7) holds. But (kp) is the same for all a G -Bi hence we can choose Pi the same for all 
a G -Bi. By proposition 1.1, Pip{^) is never zero and we can choose (/p) G such that, 

„ , < c'^— |^e~^''J'*-'^'\ for some c'^^ > and di > 0, where (vp) G 9^ is chosen such 



^PiAO 

that 



-dC, converges and e^^''?''''^'-* > C'e^^p^''^'^e^'=p'''^''' (see also the remarks 



after the proof of lemma 2.2). On the other hand, if we represent Pip{^) = Ca^", then 

a 

for every L' > there exists C > such that \co,\ < C'L'\'^\/M^. For a G 5i and m G B2, 
similarly as in the (iWp) case, one obtains the estimate 



P^Dy 



Pipiv - X 



-Pip{D^)a{x,y,^)u{y) 



< C2C1C2 ^Nrpm)^M{t\y\)^Nrp{\x-y\) 



/3'</3 a,7 7'<7 7"<7' /3"</3 

(^P' - + ^' - YV- (2/iL)l°l+l/^"l+l^"lffl/^"l+l^"l 

^I/3'|-|/3"I + |7'|-|7"I tl7|-|7'lM^._^.My_y/ 



/^'I"l + l7l 



< C3C1C2 — 



e^'-p(l?l)eA'-f(*lfl)e^'-p(l^"^l) 



/3'</3 a,7 7'<7 7"<7' /3"</3 

(/3'-/3" + y-7")! 



(2/iLL')I°Il'I^I 



I/3'|-|/3"I+|7'|-|7"I 
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/3'-/3"+7'-7" 



tl7|-|7'l 



< C4C1C2 JV.p(|C|)eM(t|2;|)eiV,^(|x-j/|) 
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/3'</3 a,7 7'<7 7"<7' /3"</3' ^ ^ ^ ' ^ ^ ' ^ 

{2hL)\™"'"\H\^'\+\^'\ 



P'<P a,7 7'<7 7"<7' /3"</3' 

l/3|-|/3'l 

tb\-w\ ' n *J 



< C5C1C2 ^Nr^m)(,M{t\y\)^Nr^{\x-y\) 

\P /T, \l7l 

■2l^l W Sj Y^{2hLL'p i — + 2hLL'H + L'h\ , 

j=l a,7 

where, in the last inequahty, we used that =^ — y 0, when p — > 00, for any fixed 

A > (i.e. it is bounded for all p G (This follows from the fact that (sp) G IH.) Note 

that e^^.pd^l) < c'ee^'-p^l^-^l^e^'-f^l'^l). Also, the integral / ^7-^ dy converges 

(this easily follows from the fact that e^'^p*-'^'^ < c"e*'^'^*''^'^ for every t' > 0, where the 
constant c" depends on t'; similarly for e^''^*^'^'-*). Take L' such that the sum converges. 

Then, for the derivatives of Au, we obtain \D^Au{x)\ < CC'iC'2e"^^p^''''W/3 JJ(2sj), i.e. 

||^M||(2sp),(sp < CC1C2, for all a e Bi and u e B2. □ 

Let r G M be fixed. The inclusion r^^n,^^ {^'') ^ n^^:^^,, {M''), b G r^^s,^^ {^''), 
b a, where a{x,y,^) = 6((1 — t)x + ry,^), is continuous. Moreover, if m, G S* (M'^) 
such that 0(0) = 1, by theorem 2.1, we have 



Op,(6)n(x) = ^/ / e^(^-^)«6((l-r)x + r2/,On(2/)« 



= hm -— ^ / e^(--^)«6((l - t)x + ry, O0(5O«(y)«- 

Hence, the operator Op^(6) coincides with the operator B corresponding to b when we 
observe 6((1 — t)x + Ty,C,) as an element of n^°°B p (M'^"'). We get that the mapping 
{b,u) ^ Op^{b)u, r^'^j^^^p {R'^'^) X 5* {R'^) — y S* (M'^), is hypocontinuous. For b G 
^*A^Bp p (l^^'^); denote its kernel by K{x, y). If we consider the transposed of the operator 
Op^(6) then its kernel is K{y,x). On the other hand, by (1), 

K{y, x) = 7^X.-yib){rx + (1 - r)y, -0- 

Hence *Op^(fe(x, ,^)) = Op2^_^(6(x, — ,^)) i.e. *Op^(fe) is pseudo-differential operator and by 
the above it is a continuous mapping from S* (M*^) to S* (M'^) . Using this we can extend 
Op^(6) to a continuous operator from S'* (R^') to S'* (W^^ in the following way 

{Ov,{b)u,v) = {u,'Op^{b)v), u G S'* (M'^) ,veS* (M'^) . 
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We need the following technical lemmas. 

Lemma 2.3. Let Mp be a sequence which satisfies (M.l), (M.2) and (M.3) and m a 
positive real. Then, for all n e M{mmn) < 2(com + 2)n\n.H + Inco, where cq is the 
constant form the conditions (M.2) and (M.3). If (tp) G 9^ i/ien, Ntp{mmn) < nlnif + lnc 
/or a// n G where the constant c depends only on Mp, (tp) and m, but not on n. 

Proof. By (M.3), for all p > n + 1, p G N, we have 

11 Inn 
H h ... H < Co < Cq- 



m„+i mn+2 rup m„+i m„ 

If we multiply the above inequality with rrip and use the fact that the sequence m„ is 

nnip mnin mn 

monotonically mcreasmg, we obtam p — n < cq -, i.e. < cq . Hence, for 

rUn rUp p — n 

P > [com]?T, + 2n > n + 1, we obtain that mm„ < m^. Denote by k the term [c^m] + 2. 
M(p) is monotonically increasing, so M{mmn) < M{mkn)- For p > /cn, we have 



Mp+i Mp nip+i - M, 



p 



Hence M(mfc„) = supln+ — — ^ = sup ln+ -rj^- But, for p < kn, p G N, we have 

p IVIp p<kn -'^^p 

P 

2kn 



rrikn ^ rUkn+l ■ mkn+2 ■ ■■■■ rrikn+p ^ Mkn+p ^ o-fcn+p < „ rr 

Mp - Mp MpMfc, - ° - ° 

where, in the second inequality, we used (M.2). We obtained 



p 

m 

M{mmn) < M{mkn) = sup ln+ — p < 2kn In if + In Cq < 2(com + 2)n In if + In Cq, 

p<kn -''^p 

which completes the proof for the first part. For the second part, denote by Tp the product 
nj=i^j- Observe that, for p G Z+, we have 

TpMp - TpMp ~ TpMpMn " Tp " ' 

where, in the last inequality, we used the fact that {tp) monotonically increases to infinity. 
Obviously c does not depend on p or n, only on m, (tp) and Mp. From this we obtain 
Nt^{mmn) < nlnH + \nc, which completes the second part of the lemma. □ 

Lemma 2.4. Let Mp be a sequence which satisfies (M.l) and (M.3)' and R > 1 + be 

CO 

arbitrary. There exist a sequence ipn{i) G V* (M'^), n G N, such that ^^V'n = 1; supp^/'o ^ 

n=0 
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G M'^KO < 3i?Mi}, supp^„ ^ e M'^|2i?m„ < < 3i?m„+i}, /or n G Z+ and for 
every h > there exists C > 0, resp. there exist h > and C > such that 

|I^>o(OI<c(;^y and ID'^MOI < C (^-^'^^ ^ M^,'ineZ+, 

for all^e R'^ and a G N'^. 

Proof Let (p E V* such that < < 1, 0(0 = 1, for < v^, 0(0 = 0, for (0 > 3. Put 



RMi J \Rmn+i J \Rmn, 

It is easy to check that '0„, ''^ G N, satisfy the claim in the lemma. □ 



Let po = inf{p G M+jAp C M^}. Obviously < po ^ 1- In general, the infimum can 
not be reached. 

Counterexample. Let ri = 1 and = p^^'^/^^v^^) for p G N, p > 2. The sequences 



p 



and pi/(2vTnp) monotonically increasing. Put Rp = Y\^p- Take Mq = 1, Mp = pl'^Rp 

and Ap = pl"^. Then, obviously, Ap satisfies (M.l), (M.2) and (M.3). One easily checks 
that Mp satisfies (M.l), (M.2) and (M.3). It is clear that Ap C Mp. Note that Ap (f_ M^^ . 
In the contrary, there will exist C > and L > such that p^? < CL^pl'^^^R^^^ , i.e. 

< Ci, for all p G Z+, where we put Ci = C^l'^ . This is impossible, because this 



p\ 



means that ^^In -^j^i — is bounded from above for all p G Z+, but 

T=1 J 



j ^1/(2^151) /yinj 3 
lim In —777; — = lim In — —777; — = lim In L ) = 00. 



J— >oo U^I'^Tj J— ^co U^l"^ j^ca \ 2 2 

On the other hand, note that for A > 2/3, C Mp. This is true because 

p!2{l-A) P j2(l-A) p jA/(2vnrj) 

„12A DA ~ DA ~ 11 „-A-A/{2v/E7)' ~ 11 ,-3A-2 
^' P P j=2 j=2 

and the last term converges to zero when p — y oo (note that 3A — 2 > when A > 2/3). 
From now on we will assume that p is such that Po < p < 1 ii the infimum can be reached, 
otherwise Po < P ^ 1- 

For < r < 1, define the set fir = {{x,y) G M^'^Hx — y\ > r(x)}. 

Lemma 2.5. Let < r < 1. There exists 9 E £* {M?'^) such that 0<9< 1,9 = on 
]R^'^\r2j./4, 9 = 1 on flsr/'i o-nd for every h > there exists C > 0, resp. there exist h > 
and C >0, such that \D^D^9{x,y) \ < C/il^l+l^lM^+^, for all {x,y) E R'^'^, a, l3 E N'^. 
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Proof. Let f{x,y) = 1 on Qr/2 and f{x,y) = on IR^d^f]^^^. Let fi e V* (M^'^) is such 
that fi > with support in the closed ball with center at the origin and radius r/16 and 



^{x, y)dxdy = 1. Put 6 = f * ji. Then, one easily checks that 6 satisfies the conditions 
in the lemma. □ 

Proposition 2.3. Let a G Y\*J^^^ ^ (M^'^) and A he the operator corresponding to a as 
defined above. The kernel K of this operator is an element of C°° [VLr) for every < r < 1 
and for every such (ind every h > 0, resp. there exists h > 0, such that 

sup sup < oo. (8) 



X 



pd 



Moreover, if there exists r, < r < 1, such that a{x,y,^) = for {x,y,^) E (M?'^\Qr) 
then K E S* (M^'^), i.e. A is * -regularizing. 

Proof. Let ijjn € V* {W^) be as in lemma 2.4, where R will be chosen later. Then, note 

oo 

that the sum ly ®ipn{i) converges to 1^,^ in £* (M^^^) (with ly we denote the function 

of variable y that is identically equal to 1, similarly 1^^^ is the function of variables 
that is identically equal to 1). Because a{x,y,^) is an element of £* {^I'f^), for every fixed 
X, we get 

oo oo 
n=0 n=0 

in S* (M^J). Let u e S* (M"'). Because l/Pi{y - x) and 1/Pi{0, resp. l/Pi^iy - x) and 
V-Pip(0 are elements of E* (Ky^g), for * = (Mp), resp. * = {Mp}, for fixed x, we get 



m) '"\Pi{y-x 

oo ^ /I 

= Jlj^f^^^y) [ p^^y_^) PiW {a{x,y,OMOu{y)) 



in the (Mp) case and with Pi^ in place of Pi in the {Mp} case, in £* (M.^'^^). If we choose 
/ small enough such that \Pi{0\ > Cie*^^''!^!^ > c[e^^^'^'''^^^\ where r' > is such that 
/ ,«(™,»,-M,.,»^ ^ „f ,3 i„ proof of lemma 2.2. 

we obtain 



M{m\x\) M{m\^\) „M(m|y|) 

< (^_r r r 

- pM{r'\^\)pM(r'Rm„) pM{s\y\) 
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in the (Mp) case, where m is such that a G n^''^^"^ (M^'^; rnj and s is from the S^'^'^p'^ - 
seminorms of u. Respectively, if we choose (Ip) E 9^ small enough such that |-Pip(0| ^ 

c"e^'-p(l«l) > c'/e'^^'-p^'^'^ where (r;) e is such that / e^^^d^l^e'^^'-p^'^'^de < oo, we get 



< C 



(If e^('\y\^ 



in the {Mp} case, where (kp) is such that (6) holds for a and s depends on u. Hence, by 
dominated convergence, 

oo 

= TTTdH e'^^-yM^,y,OMOu{y)dyd^, 



n=0 ' 



in the (Mp) case, resp. the same but with Pi^ in place of Pi in the {Mp} case and the 
convergence is uniform for x in compact subsets of M.^ and in S'* (M"') . For simpler notation, 
put an{x,y,^) = a{x,y,^)'iljn{0 for the associated operator to a„. Then, we get 

oo 

Au{x) = Anu{x), where the convergence is uniform for x in compact subsets of M.'^ and 

n=0 

n 

in S'* (M'^) . So^Ak — > A, when n — ^ oo, in {S* {R'^) , S'* (M°')) . S* is barreled, so, 

fc=0 

n 

by the Banach - Steinhaus theorem (see [17], theorem 4.6), it follows that ^^^/c — > A, 

when n — y oo, in the topology of precompact convergence. But S* is Montel space, so 
the convergence holds in Cb {S* {R'^) ,S'* [R'^)) (the topology of bounded convergence). 
Hence, if we denote by K{x, y) the kernel of A and by Kn the kernel of An, by proposition 

oo 

1.2, we get K = ^^^Kn, where the convergence holds in S'* (M^*^). Now, observe that 

n=0 

Kn{x,y) = -^^ [ e^(^"^)«a(x,t/,0^n(Orfe 

and Kn is a C°° function. Take R such that Rrrii > 1. Later on we will impose more 

conditions on R. Let r G (0, 1) be fixed. First, we will observe the (Mp) case. There 

exists m > such that a E H^^'"^ ^ (M^*^; h, m) , for all h > 0. Let m' be arbitrary but 

fixed positive real number. We want to prove (8) for this m'. Obviously, without losing 

generality, we can assume that m' > 1. Let {x,y) E Qr be arbitrary but fixed. Let 

r 

q E {1, d} be such that \xq — yq\ > \xj — yj\, for all j E {1, d}. Then \xq — yq\ > ~^{.^)- 
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We calculate 



1 " 

EE E 



P\fl\fn\fk\ {13" + 7")! (-1)It"I+" 



i2TiY ^ ^ ^ \ y y \k J \k'J iP" + Y - e„k"y. (x„ - yqYi^" 

\ I «'+^"=/3 A:=0 k'+k"=k / V / \ / \ / ' ' q J \ q yqj 



J{x-y)^_ 



Pi{y 

On VLr we have the following inequality 

< \x\ + \y\ < (x) + \x-y\ + \x\ < 2{x) + \x-y\< ^- + 1^ |x - y\. (9) 
Hence, by using proposition 3.6 of [9], we can find m" > such that e*^^™"!^-^'!) > 



(10) 



By proposition 1.1, we can find small enough / > such that I Pi (01 > c"e^^(''l«l). On the 
other, hand if we represent Pi{D) as Xla'^a-^"' fhen there exist C( > and Lq > such 
that |cq,| < C[l}q^ / Ma- We will estimate the part in the integral for n G Z+ as follows 



< 



_ ^\\ 5Z 5Z X] 



\Pi{y-x)\ 



a a'<a a" +a" 



a\(a'\ (/3" + 7"-egF) 



a' ) \a" ) {13" + 7" - e^A;" - a"')\ 



■lel 



|/3"+7"-e,fc"h|Q"' 



D 



a a'<a a"+a"'=a' \ / \ / 



a\ia'\ {P" + i' - eqk")\ 



a' ) \a") {{3" + 7" - e^k" - a"')\ 



.|^|l/3"+7"-e,fc"|-|°"'l . b. 



|a|-|a'|+n-fc 



a—a'+n—k 



/^|a"| + |/3'| + |7'l+fc'^3; _ ^^p|«''l+pfc'+p|/3'|+p|7'|^^,,_^^,5^,_^_^,gM(m|e|)gMHx|)gMHy|) 

((x,?/,0)''l°"l+''^'+''l'''l+''l'^'l ' 
on the support of ipn- Note that {x — y) < 2(1 + |xp + lyH^^^ < 2{{x,y,^)). Hence 

Also, (/3" + 7" - egk")\ < 2l/3"+V'-e,fc"|(/3'/ + y _ e^k" - a"')W"\. Moreover B^.+y < 
c'oLl^'l+lT'lM^/+y andA^"+fc. < c'oLl°"l+'='M^„+fc,. Let T„ = e M'^|2Pm„, < < 3i?m„+i}. 
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By construction, supp-j/'n C T„. Note that, on T„ 

|^||/3"+7"-e,fc"|-|«"'l ^^^|/3"+7"-e,fc"h|c."'| (3i?m„+i ) '^"l + l^"' 



< < 



Because m„ is monotonically increasing, m^~'^ > m„-mn_i-...-mfc+i = Mn/Mk > Mn-k and 
similarly, > M^/ and > M^//. Moreover, there exists c > such that < cMp. 
We use this to estimate the above integral. By Fatou's lemma we have J^^ < 
Jjgrf |...| dC,. Considering the parts that are depended on a, a', a" and a'", after using 
the above inequalities, one obtains 



a a'<a a"+a"'=a' 
. Ill 



■\ /^i\ r\a\-\a"'\j^\a"'\ 
,M{3miJm„+i) ^ ^ ^ / W 1 ^ " 



a' \a" M„ 



/OD D \pk' f TD \\a-\-\a' \+n-k 



a a'<a a"+a"'=a' 

Q"'</3"+7"-e,fc" 



■ IT 



< 



C2|T„|e^^(3mflm„+i) /^N /^'N (ifL) (2Lo/i) (^^o/^i) I"'"'"'! 



a"'</3"+7"-e,A 

n pM {'imRrrin+l) 



o'<a 



Take R such that 1 1 < - and take h and h\ small enough such that 

RMi 8 RMi - 2 ^ 

2hHLLo < 1/8 and hiHLLo < 1. Then, the sum will be uniformly convergent for all h 
and hi for which the previous inequalities hold. The choice of R depends only on Ap, Bp 
and Mp (and not on Lq, hence not on the operator Pi). Also, the choice of h and hi depend 
on Ap, Bp, Mp and the operator Pi, but not on R. Before we continue, note that, from the 
way we choose q, we have the following inequality 

1 + |x - < {xf + d\xq - < ^\xq - + d\xq - yq\^ < l^g " y<i\^- 

For shorter notation, put ri = — \- d. So, we obtain {x — y) < ri\xq — yq\. Now, for the 
estimate of \D^D^Kn{x,y)\, by using (10), we obtain 
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< 



E E E 



P'J V77 7 V^V W" + 7" - eqk")\ \xg - yq\' 



I3'-^.I3"=I3 k=0 k'+k"=k 



_^_M(r|j/-x|)gM{m|x|)gM{m|j/|) 



< 



0'+0"=0 k=0 k'+k"=k « 1 



/3'+^"=/3 A:=0 fc'+fc' 



1 (3m'i? m„+i) _;,|/3'|+|yH-fc'(2L)l/^'l+IVI/,-'=M^+, 



2*^"(m'i?)l'3"l+l7"l 



^/3"+7" 



Note that ^ < e^-^(3m'R2^„+o. Also, by using (M.2), we obtain 



where Ud is the volume of the rf-dimensional unit ball. By proposition 3.6 of [9] 
where we take R> m (which depends only on a). We obtain 



gM(m'|(x,i/)|)^pn I m'i? 7 

By lemma 2.3 we have 

Take i?^ > W^+^Lri and > 8. For the fixed m' in the beginning of the proof, choose h 

4 1 

small enough such that 2hL < 1/ (2m'). Then \-2hL < — . For the chosen R, choose 

m'R m' 

h and hi smaller then the chosen before such that }{'^i3coHni'R-^+2) ^/^^ + + < i 
(Note that the choice of R and hence the choice of ipn, n & N, depends only on Ap, Bp, Mp 
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n=l 



and a, but not on the operator Pi or m'.) Then \ D^D^Kn{x,y)\ will converge and we 
have the following estimate 

oo 

\^xD^Kn{x,y)\ < C-gA/Cm'|(x,y)|)^/|/3| + |7r 
n=l 

For \D^D^Ko{x,y)\, by similar procedure, we obtain the same estimate. Hence (8) holds 
and the proof for the (Mp) case is complete. 

The {Mp} case. We will prove that for every (tp), (tp) G 

sup sup_ ■ — — — <oo, (11) 

I/9I+7I 

for every fixed < r < 1, where = ]^ and Tq = 1. From this, the claim 

in the lemma follows. To prove this, fix < r < 1 and take 9 G S^^^^^ (M^'^) as m 
lemma 2.5. Define = K9. Then is C°° function and for every (tp), (t' ) G 9^, 



DmK{x,y) 



sup sup 

/il/3|+l7l 

ists h > such that sup sup 



< OO. Hence K G S^^^^^ (M^^i). So, there ex- 



D^D^ykix, y) 



^M{h\{x,y)\) 



/3,7eN'* (x,3/)eM2'* ^9+7 



< OO. But, K{x, y) 



K{x, y) on ^3^/4 and the desired estimate follows. Now, to prove (11). Let a G Hi'^^i'^ {R'"). 

Then there exists h > such that a G H^'"^ ^ (M.^^; h,m^, for all m > 0. By lemma 2.1, 
there exist (kp) G £H and Cq > such that 

^ /i|a| + l/3| + |7l _ ^^p|a|+p|/3|+p|7l^^5^_^^e^fep(l?l)gA^fep(|2;|)gAffcp(|y|) 

|D^"DfDJa(x,|/,0| < Co ((x,|/,0)'^l'^+'^l''l+''l^l ' 

for all a,/3,7 G N'^ and (x,|/,0 e R^'^. Let (tp), (t^ G 9^ be fixed. For (Ip) G 91 consider 
Pi^[^). By proposition 1.1, we can choose Pi^(0 such that, \Pi^{0\ > c"e^'p^'^'^ where 
(/;) G is such that e^'p^'"""^'^ > cie^^pd^^e^^f d^^e^^j'^K^'S')!) on fi,. This is possible 
because of (9). On the other hand, if we represent Pip{^) = ^^Cq,^" then for every L' > 

a 

there exists C > such that |ca| < C"L'l°l/^a- By the same calculations, one obtains the 
same form for D^D'^Kn{x,y) as in the (iWp) case, but with Pj^ in place of Pi. The prove 
continues in the same way as above. We will point out only the notable differences. The 
first difference is in the estimate of the part that is depended on a, a', a" and a'" (for 
n G Z+) and the integral over where in the {Mp} case one obtains the estimate 

C2|T„|(gL)V^''p(3^'""+^) V + 2hHLL' + 

Rp'^Mk" ^ \RMi RMi 
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The convergence of this sum follows from the fact that we can take R arbitrary large and 
L' arbitrary small. Moving on to the estimate of \D^D'^Kn{x,y)\, in similar fashion, one 
obtains the following 



/3'+/3"=/3 k=0 k'+k"=k ^' ^'^ ^ ^ 



k\ i2\i^"\+h"\k"\ RW"\+h"\ 



'=7 
l/3"l + l7"l 



T„|(i7L)"e^'=p(3Rm„+i) 



±1 /il/3'l+l7'l+fc'(2L)l/3'l+IVI/,--fcM«+^e-^'^(l(^'^)l) 

Mp.+y> ^ ^ 1/^+7 j^pn 

By using the increasingness of nip and (M.2), we obtain 
We get the estimate: 

By lemma 2.3 e^'=p(^'^"'"+i) < cH"'~^^, where c depends only on (kp), R and Mp (does not 
depend on n). Now, if we use the same estimate for |T„| as in the (Mp) case, if we take 

oo 

large enough R, the sum \ D^D'^Kn{x,y)\ will converge and we obtain 



n=l 



n=l 



E \D!d;K(x, v)\ < cJ^(12RH + 2hLr-» 



One obtains similar estimates for \D^D'^Ko{x,y)\. Hence we obtain (11) and the proof for 
the {Mp} case is complete. It remains to prove the fact that if there exists r, < r < 1, 
such that a(x,?/,0 = for (x,?/,0 e (M^'^Vl^r) x M'^ then K G 5* (M^"!). But this 
trivially follows from the proved growth condition of D^D'^K{x, y) and the fact that for 
(x, y) e R^\Vtr, Knix, y) = for all n G N, hence, = on M2<iy(]^. □ 



3 Symbolic calculus 

Let pi = inf{p e R+\Ap C M^} and p2 = inf{p G K+|i?p C M^} and put po = niax{pi, ps}. 
Then < po < 1 and for every p such that po < p < 1, if the larger infimum can be reached, 
or, otherwise po < P < 1, C and Bp C M^. So, for every such p, there exists c'q > 
and L > (which depend on p) such that, Ap < CqL^Mp, Bp < CqL^'M^. Moreover, 
because Mp tends to infinity, there exists c > such that M^ < cMp, for all such p. From 
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now on we suppose that Po ^ P ^ I5 if the larger infimum can be reached, or otherwise 
Po < P < 1- 

For t > 0, put Qt = e K^'^l(x) < t, < t} and Q^^ = R^'^\Qt. Denote by 



FS^^'^^p{R'^^;B,h,7nj the vector space of all formal series ^^aj(x,^) such that 



j=0 



C°° ^intQ^^^ j, D^D^aj{x,$,) can be extended to continuous function on Q%^_. for all 
a,P eN'^ and 

\D^D%{x,^)\ ((a;,^))pH+pl/3|+2iPe-^H?l)e-^^H^I) 
sup sup sup ,1^1+1^1+2^4 R 4 R <°«- 

In the above, we use the convention mo = and hence QBmo ~ easy to check 

that FS^^^''^ p {p?'^] B, h,rnj is a Banach space. Define 

l^^'^; h) = lim (M^^; 5, /.) , 

FS[y;- {R'') = lim F^™- (M^^; 5, /.) . 

Then, FS^^^^'^^ (M^'^; 5, m) and FS^^^tZ (^^'^' ^' ^) ^^^^ " spaces. The inclusions 

00 00 

(^''; B^m)-.\{ (int Q^„^) and (M^^; 5, /.) ^ J] ^^''^^ 

i=o i=o 

00 

ttj H- (ao, ai, 02, ...), are continuous, so FS^^^^^^ (R^'') and FS^^^^^^ (IR^'') are Haus- 

i=o 

dorff l.c.s. Moreover, as inductive limits of barreled and bornological spaces they are bar- 
reled and bornological. Note, also, that the inclusions '^*A^^Bp,p (l^^'^) — ^ FS*('^Bp,p {R'^^), 
defined as a t— ?■ a-,-, where ao = a and aj = 0, j > 1, is continuous. 

Definition 3.1. Two sums, ^^^i ^ FS^l^^pp {R^'^^, ore sazc? to he equivalent, in 

notation ^^Oj ~ ^^^j? ^/ ^here exist m > anc? i? > 0, resp. there exist h > and 
i? > 0, such that for every h > 0, resp. for every m > 0, 
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-M{m\^\)^-M{m\x\) 

From now on, we assume that Ap and Bp satisfy (M.2). Without losing generahty we 
can assume that the constants Cq and H from the condition (M.2) for Ap and Bp are the 
same as the corresponding constants for Mp. 

Theorem 3.1. Let a G Ty^Bp,p (^^'^) such that a ~ 0. Then, for every r G M, Op^(a) 
is * -regularizing. 

Proof. First we will prove the following lemma. 

Lemma 3.1. Let < / < 1 and B > 1. There exists C > depending on B, I and Mp 
and m > depending only on B and Mp and not on I such that 

inf 1^ n G Z+, p > Bm„| < Ce-^^^'^p\ for all p > BM^. 



Proof. For shorter notation put 



/(p) = inf 



Mn 



inpn 



n G Z+, p > Bnin 



and Tp^o = {n G Z+|p > Bnin}, Tp^i = {n G Z+|p < Bnin}- Obviously Tp^o U Tp^i = Z+ 
and they are not empty. For n G Z+, denote by Z_|_ „ the set {1, ...,n}. By the properties 
of rrin, there exists k G Z+ (which depends on p) such that Tp Q = {1, 2, k}. In the proof 

of lemma 2.3, we proved that, for s G Z+, — ^ii±£±i > — ^_ Take s = 2A;([col + 1), 

ruk+i Co{k + 1) 

and for shorter notation, put t = 2[co] + 2. Then nik+kt+i > f^k+i- For g G Z+, we get 
Bruk+kt+q > Bruk+kt+i > Brnt+i > I p. Then, for g G Z+, we have 

B^+^'+mu+kt+q _ Bmu+ut+q 

^k+kt+q pk+kt+q J^k+kt+q-l pk+kt+q-1 Ip lk+kt+q-1 pk+kt+q-l ' 

So, we obtain 

e-M(WB) ^ i^f ^ ^ i^f ^ (12) 

for p > BMi/l (the infimum can not be obtained for n = 0). Now, let < g < t, g G N 
and n G Tp^o- One has 

In+qk pU+qk — J^np-n \ J^k pk J — •' ' — ■> ' ' 

where the last inequality holds because /(p) < 1 when p > BMi/l. Hence, by (12), 
g-M(Zp/B) > /(p)t+i, for p > fiMi//. Repeated use of proposition 3.6 of [9] yields 

«.l)M(^)..«M(^),M(|).,nc'. 
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i.e. /(p) < e~^TT*-^(WB) ^ ^^-Miirhp)^ ^ 5Mi//, where we put m = 1/{BH'+^), which 
depends only on B and the sequence Mp (recall that t = 2[co] +2). For BMi < p < BMi/l, 
f{p) is bounded so the same inequality holds, possibly with another C. □ 

We continue the proof of the theorem. It is enough to prove that a E S*, because then 
the claim will follow from proposition 2.1. Because a ~ 0, in the (Mp) case, there exist 
m > and B > 0, such that for every h > there exists C > 0, resp. in the {Mp} case, 
there exist h > and B > 0, such that for every m > there exists C > 0, such that 

,\a\ + \p\+2NA o 4 D A/(m|S|) M(m|x|) 

for all G Z+, a, /3 G N*^, (x,,^) G QBmN- obvious that without losing generality 

we can assume that B > 1. In the (Mp) case let m' > be arbitrary but fixed. Let 
(x, ^) G Qbttii- Then, there exists N E Z+ such that (x, ^) G Q BmN+i\Q Biun ■ We estimate 
as follows 

M,+^ 

- ' ((x,o)^i"i+^i^iM„+^ 7(^:oF^ 



< Co 



< C'3(m'/iL)l"l+l''l(/iL)^^e^*^^™^"'^+^^e^-^^^™'-^™'^+^\ 
where, in the last inequality, we used > M^v. By lemma 2.3, we have 

g2M(m_Bmjv+i)gM(2m'Bmjv+i) ^ ^3^4(comB+2)(Ar+l)^2(2com'B+2)(Af+l) 

/ \ N 

= Cgf/'4(comS+2)^2(2com'B+2) / ^4(comB+2) ^2(2com'B+2) j 

Take h small enough such that m'hL < 1 and /i2^2^4(comB+2)^2(2com'i?+2) < i. We get 



M 



< C 



a+/3 



for all a, /3 G N'^ and (x, ,^) G Q^mr -^^^ (^5 ^ Qsmi the same estimate will hold, possibly 

for another C > 0, because a G T^^^p'^ (^^'^) ^ ^^^^''^ l^^"^) ^nd Qb^, is bounded. 
In the {Mp} case, by the above observations, we have 

hH+\l3\A D AfH^I) M{m|x|) 
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inf 



N 



and it is obvious that without losing generahty we can assume that h>l and L > 1 (L is 
the constant from Ap C and Bp C M^). Now, note that 

mf<( ^ 



N e z+, e Q 



< inf 



AT 



N e Z+, ((a;,0) > 25miv > < C'e 



-M{m{(x,i))/{hLY/p) 



for all ((x, ^)) > 2BMi, where in the last inequality we use the above lemma with / = 
{hL)-^'p < 1. By proposition 3.6 of [9], e^('"l«l)e^(""l^l) < coe^i^H\{xm _ Using the fact 
that Ap C and Bp C and the above inequalities, we get 

for all G N"^ and > 25Mi. For < 25Mi the same estimate will 

hold, possibly for another C > and /z > instead of L^/i, because a G r^;,^^*^'^ 

^{A/p} (|^2d^ ^Yie set e M2^|((x,0) < 25Mi} is bounded, m can be arbitrary 

small, so if we take m small enough we have e^^('"-f^l(^'«)l)e-^(l(^'«)l™/(''^^'^') < Cge-*^^"*'^^'?)!) 
for some, small enough, m' > 0, which completes the proof in the {Mp} case. □ 

Theorem 3.2. Let^aj G FS*X^Bp,p (^^'') ^zwen. T/ian, there exists a G T^j^^^^^ {R'^'^) , 

Proof. Define G "D^^f^ (M"') and ^^(0 G ^^^^''^ (K"'), in the (Mp) case, resp. ip{x) G 

(Rrf) and V'iO e 2^^^"^ (M'^) in the {Mp} case, such that < ip,tp < 1, ip{x) = 1 
when (x) < 2, = 1 when (^) < 2 and v^(x) = when (x) > 3, ^^(O = when 

(0 > 3- Put = V5(a;)^(0> Xn{x,^) = x ( ) n G Z+ and i? > and 

\ _n:m„ Rrrin J 

put Xo(a;,0 = 0. It is easily checked that x,Xn G V^'^'^"^ {R'^'^), resp. x,Xn G ^^^^^^^ (IR^'^)- 
The (Mp) case. Let m, B > are chosen such that Ylj'^j ^ F'^a'"b' p {p^'^] B^h^rn) 
for all /i > 0. For i? > 25, a(x,0 = (1 - Xi(a:,0) is a well defined C°° [R^'^) 

function. We will prove that for sufficiently large R, a G ^*A^Bp,p {^^'^) and a ~ J2j (^ji^^O 
which will complete the proof in the (Mp) case. For < h < 1, using the fact that 
1 — Xj{x,^) = for (x, ^) G Qbtup we have the estimates 
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{8h)M+WA^B^ 



< 



5</3 



(8/i)l"l+l/3lA«5^ 



7yV^y (8/i)i"i+i/^iv4„5, 



/3 



8|a|+|/3| ^ V7yV5/ h\'^\+\^\A^Bs 

(5,7)7^(0,0) 

= 5*1 + 5*2, 

where 5*1 and 5*2 are the first and the second sum, correspondingly. To estimate 5*1 note 
that, on the support of 1 — Xj the inequality {{x,C,)) > Rrrij holds. One obtains 

for large enough R (in the second inequality we use the fact that m?- > Mj). For the 
estimate of 5*2, note that DjD^ (1 — Xj{x,^)) = when (x,^) G Q^Rmj^ because (5,7) 7^ 
(0, 0) and Xj{x, ^) = on Ql^^^. So, for (x, e QsKm,, we have that ((x, 0) < (a;) + (0 < 
GRrrij. Moreover, from the construction of we have that for the chosen h, there exists 
Ci > such that \D'^D^xix,0\ < Ci/i'^l+'^U^E^. By using > Mj, one obtains 

Sr /^^\ /^A ihLf^QP\^\+P\'\M^^iRm,r\^\+P\'\ ^ {hLf^ 

(5,7)7^(0,0) 

which is convergent for large enough R. Hence, we get that a e Ta^b^^p (M^'^; 8/i, m) for all 
< /i < 1, from what we obtain a G ^^p^s'^p (M^'^). Now, to prove that a ~ ^^aj(x,.^). 

Note that, for {x,C,) G Qsijmiv' ~ E/ '^■^ ~ E/ ~ ^-^-^ '^^^^ easily follows from the 

j<N j>N 
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definition of Xj and tlie fact that m„ is monotonically increasing. 



< 



(8(1 + H)h)\''W\+^^A^BpANBN 
[1 - Xjix,0) \D?D^^aj{x,0\ ((a:,0)^l"l+^l^l+'''^e-^H€l)e-A^(-N) 



(8(1 + H)h)\'^\+W+^^A^BpA^BN 



^M{ni\ii\)^-M{m\x\) 



\DjDi (1 - x,(a:,0)| ((x,0)''l"l+''l^l+'''^ 



j>Ar 7<a,5</3 
(<5,7)7^(0,0) 



< 



(8(1 + 

:i-X,ix,0)h'^-'''A,B, 



,p fa\ fP\ h'^-'"" \DjDi (1 - X,{x,0)\ ((a;,0)^l^l+H^lA,i?, 

°|^8H+I/^I ^^f^^^ W V/ (1 + //)2^/^I^I+I^I((^,0)'''^"'''^A^5^^5a' 
^ (l7r7^{o,o) 

where Si and 5*2 are the first and the second sum, correspondingly. To estimate Si, observe 
that on the support of 1 — Xj the inequality ((x, ^)) > Rnij holds. Using the monotone 
increasingness of m„ and (M.2) for Ap and Bp, one obtains 



uniformly, for G for large enough R. For 5*2, note that DjD^ (1 — Xj(x, .^)) = 
when (a;,0 e Qlnm,^ because (5,7) 7^ (0,0) and Xj{x,^) = on Qg^^^. Moreover, 
from the construction of we have that for the chosen h, there exists Ci > such that 

|Z}^"Dfx(^,0| <Cl^'"' + '^'^a5/3- Now 



1 ^ fa\ f(3\ /l2i-2iVQ|7| + |5|^2i^ 



^2 < c'sj^^^ 5^ rj^j 



~ 4^, (1 



7/ (1 + if)2iVi?2pi-2p7V^2pj-2pAr 

h^^-^^H^^A,.!,B,.M 



j>N l<a,5<P 
{5,7)7^(0,0) 
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which we already proved that is bounded uniformly for G Hence, we obtained 



sup sup sup 



(^(^^^^^y\a\+p\l3\+2pN^-M{m\^\)^-M{m.\x\) 



< OO, 



(8(1 + H)h)\^W\+^^A^B^ANBN 
for arbitrary h > 0, i.e. a ~ ^^aj(x,.^). For the {Mp} case, let h,B > are such 

that a e i^^A^^.p (^^^^S all m > 0. Then, for R > 2B we define a(x, = 

(1 — Xj{x,0) '2^(^)0 and similarly as above, one proves that, for sufficiently large R, 

a satisfies the claim in the theorem. □ 

Now we will prove theorems for change of quantization and composition of operators. 
Note that, unlike in [3] and [4], we do not impose additional conditions on Ap and Bp in 
the composition theorem. 

Theorem 3.3. Let t,ti and a e r^~^^^^ (M^'i) . There exists b G T^^^^^^^ (M^^) and 
* -regularizing operator T such that Op^^(a) = Op^(6) +T. Moreover, 

Proof. Put pj{x,^) = ^(''"1 ~ -Of '^(3^) 0- easily verifies that '^jPj £ 

^ ^a'^Bp p i^'^'^) ■ Take the sequence ^^(^^lO' J ^ ^! constructed in the proof of theo- 
rem 3.2, such that b = ^j(l — Xj)Pj is an element of ^ (M^'^) and b ~ YljPj- 
the observations after theorem 2.2, the operators Op^j(a) and Op^(6) coincide with the 
operators A and B corresponding to a and b when we observe a((l — ri)x + Tiy,C,) and 
6((1 — r)x + ry,^) as elements of H^j^^^^^ (M'^'^) . It is clear that it is enough to prove that 
the kernel of A — i? is in S* (M^'^) . To prove that, write 
a((l - Ti)x + ny, - &((1 - t)x + ry, ^ 

00 

= Xo((l - r)x + ry, ^^((l - ri)x + ny, + ((^"+1 ~ Xn)((l - r)x + ry, 0) 

n=0 

n 

i((l - Ti)x + Tiy, - ^Pj{{l - r)x + ry, 

j=0 

By construction xq = 0, so XoO' = 0. Note that the above sum is locally finite and it 
converges in £* (M^'') . Denote by An the operator corresponding to 

an(a;,|/,0 = iXn+i - Xn) {{1 - t)x + ry,^) 
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a((l - Ti)x + ny,^) - - t)x + ry,0 



i=o 



considered as an element of ^a^b^^p (K^*^)- For u e S* (M'^), we obtain 
Au{x) — Bu{x) 



(2ir)' 



in tlie (Mp) case and the same but with Pi in place of Pi in the {iWp} case. Note that, 
because of the convergence of the sum in E* (M^'^) , we can interchange the sum with the 
ultradifferential operators and with 1 / Pi{y — x) and l/P/(,^), resp. with 1/ Pi^{y — x) and 
l/Pi^{i). For V e S* {W^), by the way we define pj and using the fact about the support 
of Xni with similar technic as in the proof of lemma 2.2, one proves that 



E 

n=0 



dyd^dx < oo. 



for sufficiently small / and sufficiently large R (from the definition of Xn) in the (Mp) case, 
resp. the same but with Pi^ in place of Pi for sufficiently small {Ip) e 5K and sufficiently 
large R (from the definition of Xn) in the {Mp} case. Hence, from monotone and dominated 
convergence it follows that 
[Au — Bu, v) 

= TTVdfl [ e^^^-^^^^^K^y) f p. ^ ^ PiW{an{x,y,Ou{y))] v{x)dyd^dx 



n=0 

oo 



= TTTwI^ / e'^''-y^^an{x,y,0u{y)v{x)dydCdx = S2{AnU,v) 
in the (Mp) case, resp. the same but with Pi^ in place of Pi in the {Mp} case. Hence, 

n 

A/^u — Au — Bu, when n — )■ oo in S'* (M'^) for every fixed u e S* {R'^) . But 

fc=0 

then, because S* is barreled, by the Banach - Steinhaus theorem (see [17], theorem 4.6), 

n 

Ak — > Au — Bu, when n — > oo in the topology of precompact convergence in 

fc=0 

£ [S* (M"^) , S'* (M"^)) . S* is Montel, hence the convergence holds in Cb {S* {R'^) , S'* {R'^)). 
If we denote by K and Kn, n G N, the kernels of the operators A — B and n G N cor- 

oo 

respondingly, then, by proposition 1.2, it follows that K = where the convergence 



n=0 



is in S'* (M^'^). Let r = 1/(8(1 + |r| + |ri|)). Take 6 e £* (M^'^) as in lemma 2.5 and put 
6 = 1 — 6. 6 and 6 are obviously multipliers for S'*. By proposition 2.3 and the properties 
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of e, OK G S* (M^'^) . It is enough to prove that OK e S* (M^'^) . Note that OK = J2n ^^n- 
Our goal is to prove that J2n £ S* . Observe that 



i((l -ri)x + ri?/,0 -r)x + ry,0 J d^, 

j=o J 

r 11 i^T T-i . f = (1 — t)x + TV, J. , ^ , ^ . ( X = X' + Tv' 

tor all ri G i^. rut < , irom what we obtain < / /-, \ / 

{ y = x-y, { y = X - {l~T)y . 

Hence a((l — ti)x + Tiy,^) = a{x' + (r — Ti)y',^). If we Taylor expand the right hand side 

in y' = 0, we get 

a((i - n)x + ny, = J] l(r - nf^d^^x', - yf + iy„+i(x, 0, 

l/3|<n^' 

where Wn+i is the reminder of the expansion: 

iy.+i(x,i/,0 = (n + l) J] hx-y)^r-nf^ [\l-trd^Mx' + t{r~n)y',Odt. 

If we insert the above expression for a in the expression for Kn we obtain 
Kn{x,y) = 7^E^(^-^i)'" / ^'^''-'^^{-Dd^{iXn^i-Xn){x\Od^a{x\0)d^ 



(27r)'^ 
1 " /■ 



>S'i,n(x, + S'2,„(x, y) - Ss^nix, y). 



Our goal is to prove that each of the sums Ylm ^i^i,n — S^^n) and 0S2^n, is S* function. 
Because of the way we defined pj, one obtains 

Si,nix,y) - Ss,nix,y) 



(2tt) 

0/|^|<n07^5<^ 



Put 



0^<5</3 ^ ^ ' 
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Obviously S^,n e S* (M^'^) n S'* {R^'^). Let w e S* {R^'^). Note that 

in the (Mp) case, where / > will be chosen later, resp. the same but with Pi^ in place 
of Pi in the {Mp} case, where (Ip) G will be chosen later. We will consider first the 

(Mp) case. Then there exists m > such that a G r^^^^°^ (M^*^; m) . Chose / such that 
\Pi{0\ > c'e^^^^"*!^!) (cf. proposition 1.1). On the other hand P/(0 = E^Ca^" and there 
exist Co > and Lq > such that |cq| < CqL^q^ /Ma- Note that, when (xn+i — Xn) {x',^) ^ 
0, {{x',C,)) > Rrrin. Using this, one easily obtains that 

E E E 

n=l 0y^\l3\<n0y^5<l3 ^ ^ ' 

Jix~y)£, , , 

-Pi{Dy) [{p\{xn^^-Xn)) {x' ,i)Dl-'dla{x\i)w{x,y)] d^dxdy < oo. 



m) 

for sufficiently large R (from the definition of Xn)- In the {Mp} case, by lemma 2.1 there 
exists [kp) G 9^ such that the estimate in that lemma holds (we can regard a((l— r)x+r?/, ^) 
as an element of nj^*^'^^;^ {R^^;h)). Take (Ip) G 9^ such that \Pi^{0\ > c'e^^^p^^D. One 
obtains the same estimate as above but with Pi^ in place of Pi, for sufficiently large R (from 

oo oo 

the definition of Xn)- From this we obtain that '^^{Si^n — S-s^n) = Sjs^n converges 

n=l n=l 0=/=\l3\<n 

in S'* (M^*^). Denote its limit by S{x,y). Moreover, from the above, we can change the 
order of summation and integration. The local finiteness of X]n(Xn+i — Xn) implies 

Dlixn+iix',0 - Xn(x ,0) = ^^'(1 - Xmix',0) = -Dlxw\{x',0, 

n>W\ 

where the last equality follows from the fact that 5 7^ 0. In the (Mp) case, we obtain 

00 

Y {Sl3,n,w) 
n=l Oft\lS\<n 

1 ^ / a\ 1 

-r)l^l 



_l_eii^-y)ip^^Dy) ^Dlxw\i^',ODl-'d^M^',OHx,y)) d^dxdy 
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^ ' |/3| = 10^<5</3 \ ^ > •'^ 



)3,5{x,y)w{x,y)dxdy, 



where we put Ip,s{x,y) = I e'^''-y'^^Dlx\i3\{x' ,OD^'^d^a{x' ,OdC Similarly, in the {Mp} 

1 fP\ 1 

case we obtain the same equality. Hence — 7^ 7^ I I -j^{ti — t^^^Ib s{x,y) con- 

(zvr)'^ ^-^ ^-^ \o I p\ 

^ ' \P\=IQ^5<I3 \ / 

verges to S{x, y) in S'* (M^'^) . Now we will prove that OS is S* function. Denote 

T„ = {(a;,0 e K^'^||a;| < 3i?m„ and |^| < 3i?m„} (13) 

and put T^^n to be the projection of T„ on M^. By construction suppx|/3| ^ So, for 
the derivatives of Ip^s{x,y) when (x, G M^'^\f2r ^ supp^, we have 

BfB;'/w(i,!/)| 

S E E (3')H(")(;)(l + |r|)l°'H"'l(l + |r|)l^'l-H-IVI-M 

Q</3' q'W=q 

^ ^.E E 



a</3' a'+a"=a 



e,l/3| 



((a;', ^))p|2/3-5+/3'+7'-a-i.| 

Because 6^0, D^D"''^"' x\[si{x' , ^) = when X\is\i^'^0 = hence when \x'\ < Rm\p\ and 
1^1 < Rm\p\. So, when DlD^'+'^'xi/jKa;', ^ we have > We obtain 

By assumption, there exists c, L > 1 such that Ap < cL^M^ and Bp < cL^M^. Hence 



p|2/3+/3'+7'-a"-v"| 



A R 2 T 12/5+13' +y^a"-u"\i\/rP 

- 7^ xp|2/3+/3'+7'-""-'^"l - \2p|/3| x p|/3'+7'-a"-i."| 
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^ C"(Lif2)|2/3+/3'+7'-""-v"lM^^M/3,+y ^ C"(Li72)|2/3+/3'+7'-""--"lM/3,+y 



where, in the last inequahty, we used that > M„. Also, note that when (x, y) G M^^^yr^^ 
and X|/3|((l "~ t)^ + ''"I/; 7^ O5 have the following inequalities 

\x'\ = 1(1 — r)x + ry| < 3-Rm|^|, 

kP + ll/l^ < 2|xp + |x-?/p + 2|x||x-?/| < 2|x|^ + r^(x)^ + 2r|x|(x) 

< (2 + r)2(x)^ 

1 + 1(1 - t)x + ryf > 1 + + Irplx - - 2|r||x||a; - y\ > {xf - ^{xf > ^(a;)^ 

(remember, r = l/(8(l + |r| + |ri|))). Put s = 2 + r for shorter notation. Combining these 
inequalities we get |(x, ?/)| < 2s{x') < 8s-Rm|^|. Using this and proposition 3.6 of [9], for 
arbitrary m' > 0, we obtain 

when (x, G M^'^\r2.r and (( 1 — T)x + ry, 7^ 0. Using these inequalities in the estimate 
or D^'Dpf^4x,y), for {x,y) G R^'^XQr, we get 

D^jDpp,six,y)\ 

a</3'a'+Q"=a ^ ^ / \/ 

iy<7' i/'+j/"=i/ 



.gAf(m|C|)gA/(8.(m+m')Hi?m|^,)g-M(m'|(x,j/)|)^^ 



a<l3'a'+a"=a 

(Lif^)^l^l/i^'''''''"''''''^\l^^~''+^'+''''"""'^le^^^'^*^'"+™')-^l^l^e^'^^^*^'""'"™^ 



(m'i?)l""l+l-"li?2pl/3| 



< 1, 



where, in the last inequality, we used that 

(1 + |7-|)|/3'| + l7'|-K|-|'^"l(Li72)|/3'| + |7'|-K|-k"l 

(i?Mi)^l'^'+"'-""-^"l " ' 

for large enough R. Moreover, on T^,\i3\, by proposition 3.6 of [9], we have 2M((m + 
m')R\^\) < M(3(m + m')HR^m\p\) + Iucq. Lemma 2.3 implies 

< CQif2(3co(m+m')-H'R2+2)|/3|^2(8cos(m.+m')-H'R+2)|/3| ^ ^2^4(8cos(m+m')/i'-R2+2) 
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Similarly as in the proof for proposition 2.3, we have < C^R'^H'^^^^, for some C5 > 0. 

For the (Mp) case, m is fixed. It is clear that, without losing generality, we can assume that 
m > 1. Choose R such that i? > 4 and R^f > 2(1 + |r| + \ti\)L'^H'^+^. For arbitrary but 
fixed m' > 0, choose h such that /ii7<8'=os(m+m')//i?2+2) ^ ^ ^^^^ < l/(4m'). Moreover, 
choose hi such that /ii < h. Then we obtain 



< CqR" 

< CqR" 



^M{m'\{x,y)\) y Jl2p 



m 



2h 



1 



m'R 



gM(m'|{x,j/)|) (2(1 



\Ti\))m (2m')l^'l+l^'l^ 



when (x, y) G M^'^yfir- Note that the choice of R (and hence oi Xn, n E N) depends only 
on Ap, Bp, Mp, T, Ti and a, but not on m'. By the definition of 6 it follows that there 
exists C > such that 



D^jD^' (e{x,y)I^4x,y) 



M{m'\{x,y)\) (2(1 + |r| + |ri|))l/^l rri'l/^'l+l-^'l 



for all {x, y) G M^'i and /3',7' G Hence 
1 



1/31=1 0^<5</3 



< c 



m'W'\+h'\eM{m'\{x,y)\)' 



for all {x, y) G M^'^ and /?', 7' G N*^. From the arbitrariness of m' it follows that OS G S^^^^K 
Now we consider the {Mp} case. Then /i and hi are fixed. Choose i? such that R^'^ > 
2(l + \T\ + \Ti\)(h+hi)hL'^H'^~^^^ and then choose m and m' such that Scos^m+m') H R^ < 1. 

Then f^4(8co.(«^W)//R2+2)|/3| < ^12|/3|_ T^g^ ^^^g 



< Cf,R 



< Cf^R" 



M0>+y 

eM(m'|(x,2/)|)(2(l + |r| + \ti\))W 



m'R 



h + hi + 



m'R 



m+h'\ 



W'\+h'\ 



when {x, y) G M^'^\n.r. By the definition of 6 it follows that there exist C > and h > 
such that 



< C'R 



D^^D; (e{x,y)Ip^s{x,y) 

for all {x, y) G M?'^ and (5', 7' G N'^. Hence 
1 



.M{ra'\{x,y)\)^2{l + |r| + |ri|))l/5|' 



E E 

1/91=1 0^5</3 



< c- 



pM(m'|(x,y)|) 
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for all {x,y) G M^*^ and /3',7' G N*^, from what we obtain 6S G S^^^p\ 

oo 

It remains to prove that ''^^9{x,y)S2^n{x,y) G S*. Note that 



n=0 

■ / (l-t)"Df-^9fa(x' + t(r-riy,0c?tc?e. 
Jo 



For brevity in notation, put 

if3,s,n{x,y) 



We will estimate 
D^jDpp,sA^,y) 



D^'D:''i^,sAx,y) when G M^^N^f]^ d gupp^. 



^ E E (!) (:') (:) (:) (^(i m . i..i))i-i-*'h-i 

*^ ((x' + t(r-ri)?/',0)''(^l'^l"l''l+l'^'l"l"l+l^'l-l'^l) 

Above, we already proved that on M^'^\f2r, (x) < 2{x'). Using this, by similar technic 
as there, one easily proves that {{x' + t(r — Ti)y',^)) > Rnin when {x,y) G M^'^\r2,. and 
Xn+i{x',^) — xi^'jO 0- Also, for such x, y and ^ we have \x' + tij — ri)y'\ < \x'\ + (|t| + 
< {x') + 2r(|r| + |ri|)(x') < SRnin+i and |^| < SRnin+i- Now, the proof continues 
analogously as above and one obtains X]n^'^2,n ^ S*- We already pointed out that from 
this it follows that K eS*. □ 

Theorem 3.4. Let r G M and a G r^°°g ^ (M^'^). T/ie transposed operator, *Op^(a), zs 
sti// a pseudo-differential operator and it is equal to Opi_^{a{x, —C,))- Moreover, there exist 
b G ^A^Bp p (l^^'^) ^'^^ * -regularizing operator T such that *Op^(a) = Op^(6) + T and 

a 

Proof. In the observation after theorem 2.2 we proved that *Op^(a(x, ^)) = Op]^„^(a(x, — 0)- 
The rest follows from theorem 3.3. □ 
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Theorem 3.5. Let a,b e ^*A^Bp,p (^^'^) ■ There exist f e ^*a^b^.p (^^'^) * -regularizing 
operator T such that a(x, D)b{x, D) = f{x, D) + T and f has the asymptotic expansion 

^) ~ E ;^^^(^' OD:b{x, m FS*x::s,^^ (M^^) • (14) 



a 



Proof. By the above theorem D) = bi{x, D) + T' where T' is *-regularizing operator 
and bi G T^^^^ ^ (M^*^) with asymptotic expansion 

— ' al 

a 

Again, by the above theorem, ^bi{x,D) = Op^{bi{x, —^)) and b{x,D) = *0p]^(6(x, —0) = 
* {^b{x,D)). Put 62(0;, = -0- Then we have 

b{x, D) = * D)) = *6i(a:, D) + *T' = Opi(62) + *T'. 

We have a{x,D)b{x,D) = a{x, D)0pi{b2) + Ti, where we put Ti = a{x,DyT', which is 
*-regularizing. Because (OP]^(62)m) (0 = / ^~^^^b2{y, ^)u{y)dy and Opi{b2)u ^ S* , 

a{x,D)OpMu{x) = -^^ [ [ e''-^-y^^a{x,0b2{y,0<y)dyd^ 

and this is well defined as iterated integral by theorem 2.1. d{x, y,C) = a(x, ^)62(z/, is an 
element of ^*A°°Bp p (K^*^). To prove that one only has to use the inequalities 2{{x,^)){x — 
y) > {{^^y^O^ ciiid 2{{y,^)){x — y) > {{x,y,^)) in the estimates for the derivatives of d. 
The operator A corresponding to this d is the same as a{x, D)0p^{b2) ■ Let 

l/3|=i 

Obviously XljPi ^ T'^*A^,Bp,p i^'^)- Let J ^ ^5 be the sequence constructed in 

the proof of theorem 3.2, such that / = 'Yliji^ ~ Xj)Pj is an element of r^~^^^^ [R'^'^) and 
/ ~ 'YlijP'j- -^y observations after theorem 2.2, the operator f{x,D) coincide with the 
operator F corresponding to / when we observe f{x,^) as elements of 11*^^^^^ (M'^''). We 

will prove that the kernel of A — F is in S* (M?'^^ , i.e. A — F is *-regularizing. Similarly 

00 

as in the proof of theorem 3.3, d{x,y,^) — /(x, ^) = ^^a„(x, y,^) where we put 
anix,y,^) = -Xnix,^)) I d{x,y,^) - ^pj{x,^) 
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which is obviously an element of n^°°g ^ (M^*^) . Denote by An its corresponding operator. 
Similarly as in the proof of theorem 3.3, we have K{x,y) = Y^^-^ni^jy), where K is the 
kernel oi A — F, Kn is the kernel of An and the convergence holds in S'*. Observe that 

for all n e N. Let r = 1/8. Take 9 e £* (M^'^) as in lemma 2.5 and put ^ = 1 - 6*. 9 and 9 
are obviously multipliers for S'* . By proposition 2.3 and the properties of 9, 9K G S* (M^"^) . 
It is enough to prove that 9K e S* (M^''). Note that 9K = Ylm^^n- Our goal is to prove 
that ^n^^'^n £ S* . Taylor expand &2(z/, ^^st variable to obtain 

h2{y.0= j^{y-^Yd%{x,0 + Wn+i{x,y,0. 



■\<n 



where Wn+i is the remainder of the expansion: 

Wn+i{x,y,0 = {n+l) J2 ^^{y-xf [\l-trd%{x + t{y~x),Odt. 

If we insert this in the expression for Kn, keeping in mind the definition of pj, we have 
Kn{x,y) = Si^n{x,y) + S2,n{x,y) where we put 



0^|/3|<n0^5</3 ^ ^ 



S2,n{x^y) = TTTu I e'^"" {xn+i-Xn){x,^)a{x,OWn+i{x,y,^)dC 

Our goal is to prove that 9Si^n and ^5'2,n are S* functions. Similarly as in the proof 

1 °° f/3\ 1 

of theorem 3.3, J2n "^i." converges in S'* to S and S = — f j ~m^^,&^ where 

the convergence is in 5'*, where we put 

To prove that — f j in 5* we have to estimate the derivatives 

^ |/3| = 1 07^<5</3 \ / ^' 

of when (x,?/) G M^'^yfir ^ supp^. Note that, we can choose m such that 0,62 ^ 
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^a!,!bZ (^^'^' ^) '^^p) ^^^P- ^ ^^^^ ^2 e rJi^'^^;^ (M^d. 

in the {Mp} case. Let T„ be as in (13) and put „ to be the projection of T„ on M|. By 
the way we constructed Xn, it follows that suppx|/3| ^ T^i^i. 

£'fB;'/s,i(i,!/)| 



s E E E E 

K<I3-S a<l3' a'+a"=a a"'</3'-a 



/3 -(^A - a 



^ J \oi J \0l 



a" 



"''^«,l/3| 

2l/3'|-H 



^ E E E 

K</3-(5a</3' a'+a"=a 



(i?m|/3|)l'5|+l°'l((x,0)''l'^-'^+^'-°l 



Because 5 7^ 0, i^|-D"'x|/3|(a;, = when X\ii\{^ii) = 1; hence when |x| < -Rm|^| and 
1^1 < -Rm|^|. So, when ^) 7^ we have ((x,^)) > -Rm|^|. Now the proof 

continues analogously as for theorem 3.3. 

Next we will prove that ^(x, i/)S'2.„(x, G S*. Note that 



5'2,n(x,y) 



+ 1 
(27r)'^ 



E EE 

3|=n+l K</3-<5 



■D?a(x,0 /'(I - i)"-Dr''"9f''2(i + «(!/ - x).f)*<«- 

^0 



For brevity in notation, put 



E 

K<l3-S 



1^ J jRd 



We will estimate 



Jo 

D^jD^'ip,sAx,y) when {x,y) e R^'^XQr ^ supp^. 



< 



ciE E E E 

a<fS' a'+a"=a k<I3-5 a"'<l3'-a 
u<-y' 



h'\ fa\f/3-6\fl3'- a 



a" 



Ll<5| + |a'l4 R 
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1 , 2|/3|-|5| + |/3'|-|«l + l7'|-kl^„ .R„_,„, ^ , 2M{m\£,\) 2M{m{\x\ + \y\)) 
M _f\n_!z ^13-5-D 13+13' -a+y-ufi c 

When (xn+i — Xr!.)(a;,0 ^''^d G M^''\fir, the inequahties {{x,^)) > Rm^ and 

((x + — x),S,)) > Rm„^ hold. Also |a;| + \y\ < 2|x| + |x — ?/| < < 4s-Rm„+i, where 
we put s = 2 + r. Hence 

^ E (!)(:') (r>'""'"""'"°'/. i^i'""""''^ 

a</3'Q'+Q"=Q ^ / \ / \ / -^H^n + l 

(i?m„)/'(2|/3|+l/3'l-l«"l+l7'|-|i'l) ■ 

The proof continues in analogous fashion as for theorem 3.3 and one obtains that ^„ QS2,n £ 
S* . Hence, we proved that a(x, D)b{x, D) = a{x, D)0pi{b2) +Ti = /(x, D) +T2, where T2 
is *-regularizing operator. It remains to prove (14). Obviously, it is enough to prove that 

{a{x,OD%{x,0) ~ 5^-^a5^a(x,0/^fK^,0- For iV G Z+ we have 
i=o |/3|=i ^' 



E E i9?-(^^°"^*^-"E'E^^r'^r-'*''' 

j=0 |a+7|=i ■ ^" \ s=0 |5|=s 



+E E E E^^.^-r'^r^*'"- 



j=0 s=Q |a+7|=j |5|=s 

Note that 

E E E Ey^a--r'Dr-'6 

i=0 s=0 \a+-y\=j \5\=s ' ' 



E E E E E^^9?-r'B^^*'' 



i=0 s=0 /c=0 |a|=fc |(5| = 
\l\=3-k 

N-lN-s-l j 



E E E E E^t^sia.o^-'or^^'i 



=0 i=0 fe=0 \a\=k \5\=s 

h\=j-k 



E E E E E^9?-r'^r-''' 



=0 fc=0 j=k \a\=k \5\-- 
h\=j-k 
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EE E E E^9^-r'«r-'6 



t=0 s+k=t j=k \-y\=j-k\a\=k 

\5\-- 

N~l N-s-l 



E E E E E E 

t=0 s+k=t j=k \-y\=j-k\l3\=ta+S=/3 ' 



N-1 



i=o l7l=i ' 

Hence, we have to estimate the derivatives of 

N-l ^ ( N~j~l 



E E ■ ^^^^ ( E ' E ^^^l^f- 



i=o |«+7|=j \ s=0 \s\-- 



By construction b{x,^) ~ — — ^l^iK^^O- So, for e Qlmjv' ^^^^^ 

i=0 \S\=j 

i=0 |a+7|=i ■ \ s=0 \5\=s 



j=0 \a+-y\=j a"<a' 
I3"<I3' 



< c 



a"J\P"J a!7!((x,0)''(l"'l+l'^'l+^^) 



^(^2;,^))p(l"'l + l/3'l+2Af) 

which gives the desired asymptotic expansion. □ 

For the next corollary we need the following technical lemma. 
Lemma 3.2. Let a,b ^ ^*a°°b p (^^'^) ^'^^ such that a ~ X]j '^j ^'^^ ^ ~ '^j^j- Then 

oo 

ah ~ a^fefc and 

j=0 s+k=j 

oo 

9|'a(x,O5:Ka;,O~0^;^+E E (16) 

|o| i=|a| s+k+\a\=j 

in FS*('^Q^ p (M^*^), for each a G N'^. Moreover, there exist B > and m > snc/i that, 
for every h > 0, there exists C > 0; resp. there exist B > and h > such that, for every 
m > 0, there exists C > 0; such that 



sup sup sup sup 

a N>\a\ 7,5 {x,0&Q%r., 



N-l 



DjDi I d^a{x,Od:b{x,0 - E E d^cis{x,Od:h{x,0 

j=\a\ s+k+\a\=j 
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(^(^rji.^^-^y\l\+p\&\+2Np^-M{rn\e,\)^-M{'m.\x\) 

Proof. By the conditions in the lemma, there exist i? > and m > such that, for every 
/i > 0, there exists C > 0; resp. there exist B > Q and /i > such that, for every m > 0, 
there exists C > 0; such that 

\DlDiaj{x,i)\ ((a;,^))Pl7l+P|5|+2jPe-MH5|)g-Af(m|x|) 
sup sup sup ,K| + U|,2,-/1 p /t p ^ 



\p|7l+P|5|+27Vp 



sup sup sup ,|^M|^|+2jV4 R 4 R 



and the same estimate for DjD^bj and DjD^ (^^ ~ X]j<Ar easily checks that 

oo 

p + . . . + + ^ Yl 9^(^sd^bk G i^S;^;'"^^^ (M^'^), for each fixed a G N^. For N > 

\a\ j=\a\ s+k+\a\=j 

and (x, ^) G Q^rn^^ observe that 

(Ar-|Q|-1 \ N-\a\-l / Af-|a|-fc-l \ 

fc=0 / A;=0 \ s=0 I 

j=\a\ s+k=j-\a\ 

Using this, one verifies that 

N-\a\-l I N-\a\-k-\ \ 

A:=0 y s=0 J 

- ^0 ((x,^))Pl7l+P|5|+27Vp ' 

for all (x,.^) G Q%rat^-, 7, 5 G N"' and the estimates are uniform for a and A^, > 

d^b — X^ d^bk 

N~l 

Now we can estimate the derivatives of d^a ■ d^b — d^agd^bk and obtain the 

j=\a\ s+k=j~\a\ 

inequality in the lemma. Moreover, for fixed a G N*^, to obtain (16) it only remains to 
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consider the case when < |a| (we aheady consider the case when > |a| above). 



But then d^agd^bk is empty and we only have to estimate the derivatives of 

j = \a\ s+k=j-\a\ 

d^a ■ d^b which is easy and we omit it (a, b G r^|^^^ ^ (M^'') and a is fixed). □ 

Corollary 3.1. Let a,b E F^^^^^ ^ (M^'^) with asymptotic expansions a ~ Y^j'^j ^'^^ 
b ~ bj . Then there exists c G r^°°g ^ (M?'^^ and * -regularizing operator T such that 
a{x, D)b{x, D) = c{x, D) +T and c has the following asymptotic expansion 



j=0 s+k+l=j \a\=l 



Proof. It is easy to check that the above formal sum is an element of FS*/^^^ ^ (M^'^) . By 
theorem 3.5, we only have to prove that 

oo ^ oo 

E E -^dH^.OD^Kx^o ~ E E E -^dt^s{x,oD:bu{x,o- 

i=0 |Q|=i ■ j=0 s+k+l=j\a\=l 

For N eIjj^ and (x, ^) G Q^^nN ' have 

EE^^^(^'^)^-"^(^'^)-E E E^^^^(^'^)^"^'=(^'^) 

i=0 |a|=j ■ j=0 s+k+l=j \a\=l 

N-l ^ N-1 j 



E E - EE E E ^9!^six,oD:b,ix,o 

j=0 \a\=j ' j=0 1=0 s+k=j~l \a\=l 

N-l N-l N-l 

E E ^d^a{x,OD:b{x,0 - E E E E ^d^a,{x,OD:b,{x,0 

j=0 \a\=j ' 1=0 3=1 s+k=j-l \a\=l 

N-l ^ / N-l \ 

E E ;j d!<^,OD-A^,0 -EE d^as{x,OD:b,{x,0 . 



j=0 \a\=j \ l=j s+k=l-j 



N-l 

By lemma 3.2, the derivatives of d^a{x,^)D°b{x,^) — d^as(x,^)D'!^bk(x,^) can 

l=j s+k=l-j 

be uniformly estimated, as in the lemma, for all a, N and {x,C,) G Q'smi^i such that 
I a I < A^, from what the desired equivalence follows. □ 
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